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PREFACE 


Fundamental Concepts of Mathematics is the first of several volumes of 
a proposed series on fundamental mathematics which serve primarily as 
textbooks for students in preparation for the A-Level or other public 
examinations. However they go into more depth than what is required by 
these examinations, and contain topics that are useful but often omitted 
for lack of time in the undergraduate courses. Therefore the books of 
this series can also be used by university students as reference books 
for supplementary reading. Further volumes on topics in algebra, 
geometry and calculus are forthcoming. It is sincerely hoped that in their 
entirety they will ease the dire shortage of suitable textbooks for A- 
Level mathematics that has persisted over decades in Hong Kong. 

The present volume gives a straightforward account of the various 
number systems of fundamental mathematics. Chapter 1 is a brief 
account of the informal set language. The reader may find this more 
accessible and easier than the presentation in Elementary Set Theory 
by D..L.C. Chen and the author. 

Natural numbers are studied in Chapters 2 and 3. No attempt has 
been made to define natural numbers in terms of primitive concepts and 
axioms. Only the principle of mathematical induction is singled out for a 
detailed scrutiny in Chapter 2. The well-ordering property of natural 
numbers is assumed, and the principle of mathematical induction is 
derived and then studied from different points of views. Natural numbers 
are used in counting and Chapter 3 is devoted to counting the different 
ways in which an event can take place. А balls-into-boxes model is used 
to study the various problems of permutations and combinations. This 
unified approach to the topics is probably new at this level of school 
mathematics. 

Chapter 4 deals with elementary number theory. At present, bits 
and pieces of this subject are scattered throughout the 13-year 
curriculum from class primary one to form upper six. No effort has been 
made anywhere to present it in a systematic manner. It is not unusual to 
find beginners at the university who could cope with complicated 
integration but had no idea that the greatest common divisor can be 
written as a linear combination. The present chapter is an attempt to 
redress this shortcoming and to introduce the subject up to the unique 
factorization theorem and the Chinese remainder theorem. Students in 
the upper-forms will have no difficulty in working through this chapter 
and undergraduate students may find it useful to read the chapter 
before they take up a course on algebra or number theory. 

The next two chapters on the real numbers are the most difficult 
part of the book. Chapter 5 brings out the similarities and the essential 
differences between the rational numbers and the real numbers. It also 
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leads to the density theorem and the postulate of continuity. Powers, 
roots and logarithms of real numbers are then given rigorous definitions. 
The postulate is put to further use in Chapter 6 where the fundamental 
notion of convergence is discussed. The idea of limit is introduced first 
informally by a series of definitions and examples. A precise definition is 
then formulated after the reader is sufficiently familiar with the main 
theme. Undue formalism and abstraction are avoided, and proofs that 
demand more maturity are put in the appendix. The material of these two 
chapters exceeds the requirement of the A-Level examination. 
Undergraduate students will find in them many useful detailed 
discussions that may be omitted in the lectures. 

Chapter 7 introduces complex numbers as the ultimate result of а 
series of attempts to remove the inadequacy of the previous number 
systems in the provision of solutions to polynomial equations. The 
system of complex numbers is viewed geometrically as a two- 
dimensional extension of the one-dimensional system of real numbers. 
The reader may find the approach to the imaginary unit by rotations both 
natural and interesting. In the concluding sections, the analytic 
geometry of straight lines and circles appears in a new form as geometry 
of complex numbers. This may be taken as an illustration of the 
adaptability of mathematical ideas and of the fact that seemingly 
different branches of mathematics are actually well connected. The 
appendix to this chapter outlines the further development of the number 
concept in the last century. All material of the chapter is within the reach 
of upper-form students. 

Several hundred exercises are included in the book, with the more 
difficult ones marked by an asterisk. Answers to some are given at the 
end of the book. It is not necessary that the reader should try each of 
them. These excellent exercises are provided by my former student and 
friend, Mr. P.H. Cheung, who has many years of teaching experience. I 
would like to take this opportunity to express my deep appreciation to 
him for his contribution. To my colleagues Dr. M.K. Siu and Dr. K.M. 
Tsang, | am indebted for their suggestions, comments and criticisms. 


K.T. Leung 


University of Hong Kong 
July 1987 


1. Set Notation 


Every environment breeds its own language and common words tend to 
acquire different meanings for different groups of people. For example, a 
Mediterranean farmer, a chairman of a committee and a young lady may 
have quite different ideas about the word 'date'. А peasant, a physicist, a 
mathematician and a race course manager may also think of quite different 
things when they hear about 'fields'. Mathematics has a vocabulary of its 
own, in which some common words have very special meanings. The 
purpose of this first chapter is to explain the precise meaning and the 
proper usage of a small collection of special terms that we shall encounter 
in the subsequent chapters. 


1.1. OBJECTS 


The first word that calls for an explanation is the word 'object'. By an 
object we mean an individual thing of the material world or of our 
intuition and thought. In this book we shall mainly deal with various types 
of numbers. Numbers and other mathematical entities of our discussion 
are therefore objects in the above sense of the word. 

In a discussion on any subject an object is always referred to by its 
names. For example, we use a name of a person to talk about that person 
and a name of a city to talk about that city. Mathematical objects that 
appear in our discussion will be given names, usually letters, to be referred 
to. Thus by saying that ‘а number is denoted by x’ or ‘x isa number’, we 
mean that 'x' is a name of the number in question. Moreover, it is also 
understood that throughout that particular discussion, 'x' shall not be used 
as a name of any other object. On the other hand, similar to the usual 
practice of using different names for one and the same person, it may 
happen that a mathematical object has different names within one and 
the same discussion. For example, we may have denoted by x the number 
that yields six when multipled by two, and later in the same discussion, we 
may have called y the number which yields seven when added to four. In 
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that discussion, therefore, both 'x' and 'y' are names of the same number: 
three. 

In mathematics, as well as in other sciences, we examine some special 
individual objects, and compare one object with another object from 
different points of view, in order to find out useful properties of the 
objects under study and important relationships between such objects. 
Since we have adopted the broadest possible meaning for the word 
'object', in general we can only compare objects by means of their 
identities. In other words, given any two objects, they are either identical 
or distinct (even though, at times, it may be very hard to determine which 
is the case). Thus we accept 


1.1.1 Rule. Given any objects x and y, either they are identical (we write 
х = у) or they are distinct (we write x # y). 


The rules for the proper usage of the equality sign = are as follows: 


1.1.2 Rules The following statements hold for all objects x, y and z: 
(а) x=x (һе reflexive law of equality) 
(b) ifx=y,theny=x  (thesymmetric law of equality) 
(c) ifx -yandy-z,thenx-z {е transitive law of equality). 


1.2 SETS 


Many of the objects that we shall study are themselves collections of 
objects. These collections or sets may be finite or infinite; later we shall 
meet sets with additional structure, but for the time being we shal! study 
sets in general. 

Any well-defined collection of objects is called a set. The objects which 
make up a set will be called e/ements or members of the set. If an object x 
is an element of a set A then we write 

x€A, 
in which case we say that x belongs to A, x is in A or A contains x; other- 
wise we write 

x € A. 
In saying that a set is a well-defined collection of objects, we mean that we 
shall adopt the following rule for the proper usage of the sign €, 
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1.2.1. Rule. Given any object x and any set A, either x € Aor x € A. 


For example, if x is George Washington, A is the set of all governors of 
Hong Kong past and present, and B is the set of all presidents of the 
United States of America past and present, then obviously x € A and 
x € B. On the other hand, it is much harder to determine whether the 
numbers 244497 — 1 is an element of the set of all prime numbers. 

We can compare sets by means of equality. Thus given two sets A and 
B, either A = B or A * B. We now propose to link up equality (=) of sets 
with membership (€) of sets by the following rule: 


1.2.2. The rule of extension. 7wo sets A and B are equal if and only if A 
contains every element of B and B contains every element of A. 


Using the two symbols = and €, we may write the above rule in the 
following form: 


1.2.3. Theorem. Let A and B be sets. For A - B, it is necessary and 
sufficient that the following two conditions are satisfied: 

(a) for every object x, if x € Bthenx € A 

(b) for every object x, if x € A then x € B. 


Similar to a grammatical rule of an ordinary language, the rule of 
extension is a regulation for the proper usage of set notation; it stipulates 
that a set is completely determined by its elements. 

One consequence of the rule of extension is therefore that every 
complete membership list defines a set. For example, the list 1, 7, 9, 20 of 
numbers defines a set whose elements are exactly these four numbers; 
without ambiguity we can denote this set by putting its complete 
membership list between a pair of braces: 

(1,7, 9, 20). 
Similarly [x * y, x? * 2x * 1] is the set that consists of exactly two 
polynomials x + y and x? + 2x + 1. 

We note that in using the braces notation, we may write the elements 
of the set any number of times and in any order. For example, the set 
(1, 7, 9, 20} and the set (9, 20, 7, 1, 7, 9, 20} are equal because the first 
set contains every element of the second set and the second set contains 
every element of the first set. Neat and convenient as it is, the braces 
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notation has a major limitation. It is only appropriate for sets whose 
membership lists are short or show some easily recognized regular pattern. 


1.2.4. Example. (3j is the set that consists a single element 3. 


1.2.5. Example. (1, 2,3,..., 100} is the set of the first one hundred 
positive integers. 


1.2.6. Example. (2, 4, 6, 8,... } is the set of all positive even integers. 


Finally let us pay special attention to sets with very short membership 
lists. Given any object a, the set that consists of a alone is denoted by {a}. 

A set of one element is called a singleton set or simply a singleton. For 
singleton sets we obviously have: 


1.2.7. Theorem. fa) (a) = {b} if and only if a=b 
(b) x € {a} if and only if x =a. 


A set of the form (a, b} where a and b are objects is called an unordered 
pair. The unordered pair (a, b) may contain just one or two elements 


according to whether a = b or a 7 b. For unordered pairs we have: 


1.2.8. Theorem. (a) {а, Б} = {b,a} 
(b) x € (a, b) if and only if x = аогх =. 


It therefore follows: 


1.2.9. Theorem. {а, Б } = (c, d) if and only if either (i)a =c andb=d 
or (ii) а= d and b = c. 


Similarly the set (a, b, c) may have one, two or three elements depend- 
ing on the objects whose names are a, b and c. For example, (a, b, c) = 
{a,c} ifa-b. 


1.3. SUBSETS 


In Theorem 1.2.3, the criterion for the equality of two sets is given in 
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two conditions. But either of them can be used as a criterion for a new 
comparison of sets that leads to the following very useful relationship: 


1.3.1 Definition. Let A and B be sets. We say that B is a subset of A if A 
contains every element of B. In this case we write A D B or B С A. 


Or equivalently: 


1.3.2. Definition. A > B if and only if for every object x, x € A always 
follows from x € B. 


We may illustrate 8 C A by the so-called Venn diagram below (Fig. 1.1) 
A 


Fig. 1.1 


where a smaller disc representing B is inside a bigger disc representing A. 
For B being a subset of A we sometimes say that B is included in A, B is 
contained in A as a subset, A includes B or A contains B as a subset. 

An easy consequence of the above definition and the rule of extension 
is: 


1.3.3. Theorem. Let A and B be sets. Then A = B if and only if A > B and 
BCA. 


For all sets A, A itself is always a subset of А: А C A. Thus A is a trivial 
subset of A. Any subset B of A such that B # A is called a proper subset of 
A. In this case we sometimes write (not too elegantly) В © А огА 28. 
For example, the set of all positive even integers is a proper subset of the 
set of all integers. 


Suppose we have a picture of an object drawn in black against a white 
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background. If we interchange the colour of the picture with that of the 
background, it will still convey to us the same object as before. (Fig. 1.2). 
Thus the background of a picture tells us as much as the picture does itself. 


Fig. 1.2 


The same holds true for sets. Here the picture of a set A is presented by all 
objects belonging to А (i.e. all x such that x € A) whereas the background 
is presented by all objects not belonging to A (i.e. all y, such that y € A). 
In terms of background, В C A is illustrated by Fig. 1.3, 


where the horizontally shaded area is the background of A and the verti- 
cally shaded area is the background of B, the former being contained in 
the latter. In more precise terms we have: 


1.3.4 Theorem. Let A and B be sets. A necessary and sufficient condition 
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for B to be a subset of A is that for every object y, if y & A then y € B, or 
equivalently that there is no object x such that x € B and x & А. 


In mathematics we often put a stroke across a symbol to denote the 
denial or the negation of the relationship represented by the symbol in 
question. For example, if a stroke is put across the symbols = and €, then 
# means ‘not being equal to’ and ¢ means ‘not belonging to’. Similarly, ¢ 
means ‘not being a subset of’. Given two sets A and B, a necessary and 
sufficient condition for A C B is that: 


(a) B contains every element of A, or 
(b) every element of A belongs to B, or 
(c) for every object x, if x € A then x € B. 


Therefore the denial (or the negation) of each of the above statements can 
serve as a necessary and sufficient condition for A ¢ B. Let us formulate 
them carefully. 


The negation of (a) is that: 
B does not contain every element of A, or 
B does not contain some elements of A, or 
B does not contain at least one element of A. 


The negation of (b) is that: 
Not every element of A belongs to B, or 
Some elements of A do not belong to B, or 
At least one element of A does not belong to B. 


The negation of (c) is that: 
It is not true that for every object x, if x € A then x € B, or 
There are objects x for which it is not true that if x € A then x € B, or 
There is at least one object x such that x € A and x € B. 


Therefore among others we have: 


1.3.5. Theorem. Let A and B be sets. Then A ¢ B if and only if there is at 
least one object x such that x € A and x € B. 


It is clear that given any two sets A and B, either A C B or A C B. 
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Either of the two Venn diagrams below (Figs. 1.4 & 1.5) illustrates 
A B. 


Fig. 1.4 


Fig. 1.5 


Some formal properties of inclusion (C) are listed below. 


1.3.6. Theorem. For a// sets A, B and C, 
fa) ACA (reflexive property of inclusion) 
(b) IF AC Band BC Cthen ACC (transitive property of inclusion). 


We note that inclusion does not have the symmetric property, і.е. B С A 
does not necessarily follow from A C B. 


1.4. RULE Of SPECIFICATION 


One of the most useful rules of set theory is the rule of specification. 


Set Notation 9 


This enables us to select elements from a given set which share a common 
property to form a definite subset. In order to facilitate the formulation of 
this rule in a useful form, we denote the proposed common property by a 
capital letter. 

Let P be the property and x an object. Then we denote by P(x) the 
sentence (or statement)' x has the property P^. The truth of the statement 
P(x) will depend on both the property P and the object x. For example, 
we may denote the property of being an even integer by £ and the 
property of being a man aged 16 or over by M. Then 

E (4), E (—200), M (К.Т. Leung), M (P.H. Cheung) 
are all true statements while 

E (7), E (—/2), M (Mary Chan), M (Alice Lam) 
are all false statements. 

We are now in a position to formulate the rule. 


1.4.1. Rule of specification. Let A be a set and P a property that elements 
of A may or may not have. Then we have a subset B of A consisting of all 
elements of A which have the property P. This subset is denoted by 

B= {x €A:P(x)). 


In other words, for any object x, 
x € {x € A: P(x) } if and only if x € A and P(x) is a true statement. 
Thus in the above notation of B, we shall still have the same subset B if we 
replace the letter x throughout by another letter, say y: 
{x €A:P(x)} = (y € A: Ply) }. 
Sometimes the colon (:) is replaced by a vertical stroke (1): 
{x EA: P(x)} = {хЄА|Р(х)}. 

Our new rule is nothing more than a formalization of the common 
procedure of selecting and grouping objects. But in this given form, it 
enables us to construct subsets with the precision which is required by 
mathematics. For example, in the set Z of all integers, we have the subset 

{x EZ: E(x)) = {x EZ: x = 2n for somen EZ} 
of all even integers, and in the set H of all human beings, we have the 
subset 

{ХЄН:М(х}} = (x€H:xisaman aged 16 or over } 
of all men aged 16 or over. 

Let us now use the rule of specification to construct a rather extra- 
ordinary set. Consider the property P of an object being different from 
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itself. Thus P(x) is the statement ` 
хЁх. 

Т A is any set, then 

Íix€A:x£ x} 
is a subset of A which we shall denote by the special symbol ф. As a set in 
its own right, Ф has the extraordinary property that it contains no element 
at all. To see this, we assume to the contrary that ф contains an object x 
as its element. Then this object x must satisfy both conditions: 

(i) x€^A, and 

(1) x # x. 

But (ii) is in contradiction to the reflexive law of equality (Rule 1.1.2). 
Therefore it cannot be true that the set ф contains an element x. In other 
words ф has no element at all. 

If B is a set, then B contains every element of ф since ф has no element. 
Therefore ф C B. Thus the set ф has another extraordinary property that it 
is a subset of every set. 

It appears that if we start with another set C and follow the same 
procedure of construction, we might obtain another set 

D= {x €C:x#x} 

which also contains no element. Similarly we might obtain yet another set 
F without element starting with another set £, and so forth. But this is not 
to be the case because all sets without any element must be identical. For 
if X is any set without element, then X D ф because X contains every 
element of ¢, and ф D X because ф contains every element of X. Therefore 
by the rule of extension X = 4$. Hence there is one and only one set 
without element which shall be called the empty set, the void set or the 
null set, and the special symbol ф is used exclusively to denote this extra- 
ordinary set. Some properties of the empty set ф are: 


1.4.2. Theorem. Let A and B be sets. Then 
(a) А = ф if and only if x € A for all objects x 
(b) B D $ for all sets B 
(c) is the only set that has no proper subset. 


1.5 EXERCISE 


1. Which of the following sets are equal? 
{a,b,c}, (c, b, a, c), {b, c, b, a}, (c, a, c, b). 


10. 
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lf A = {1, 3, 2}, В = {1,2,4}, C= (1, 2,3} and D = (1, 2), then 
which of the following statements are false? 


(а) A=B; 
(b) A=C; 
(с) А = 0; 
(d) B=D. 


. Pair the following sets so that one is the subset of the other: 


A = the set of all books, 

B = the set of all rectangles, 

C = the set of all straight lines, 

D = the set of all polygons, 

E = the set of all horizontal lines, 

F = the set of all books on geometry. 


Let A = fa, b). Which of the following statements are true? 
{a} acA, 

(b) a CA, 

(c) {a} EA, 

(d) {a} C A. 


. Construct sets А, B, C such that A C BEC andAGBCC. 


. Find four examples of a set A with the property that every element of 


А is a subset of A. 


. Let A = (a, b, c). Find all the subsets of A. 


. Which of the following sets are equal? 


Ф, (6), {0} 


. Let A = (0, (1, 2}}. Find all the subsets of A. 


Let A = {¢, (0), (o, {¢}}}. Which of the following statements are 
true? 

$CA,0€A, (0) EA, (6 CA, ((6)) C A, (001,0) C A, 

((06),0] EA. 
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11. Let Z be the set of al! integers. 
lf A= {m EZ :m=2n for somen € Z} 
and B = {рє Z :р = 69 + 10r for some q, rEZ}, 
prove that A = B. 


1.6. COMPLEMENTS 


The rule of specification also permits us to remove elements from a set. 
More precisely, consider the two sets А and B (Fig. 1.6): 


Fig. 1.6 


We want to formalize the operation of removing from the set A all 
elements that happen to belong to the set B. Elements to be removed are 
objects y such that 

y€Aandy€B, 
these are in the horizontally shaded area of the above Venn diagram. 
Elements to be retained are objects x such that 

x€Aandx€B, 
these are in the vertically shaded area of the Venn diagram. After separat- 
ing from А the portion that is included in В we obtain the subset 

{xEA:x EB} 

of A which we shall call the complement of B іп A and denote by A \ B 
(or A — B as preferred by some authors). Thus we have: 


1.6.1. Theorem. Let A and B be sets. Then x € ANB ifand only ifx € A 
and x & B. 


The formal properties of the operation are listed in the theorem below. 
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1.6.2. Theorem. Let A and B be sets. Then 
fa) ANBCA 
(b) А\А = ф 
(с) А\ф= Аапа ф\В = ф 
(d) А\В = фіғапа only if A C В. 


Proof. Statements (a), (b) and (c) are obviously true. 

We exclude the trivial case where A = ф. 

Let A be a non-empty set, i.e. A # ф. The proof of the statement (d) is 
divided into two parts, namely: 

(i) if A C BthenA \В = ф, and 

(ii) if#A\B=@thenACB 
corresponding to the ‘if’ and the ‘only if’ in the phrase ‘if and only if’ in 
the original statement (d). 

Proof of (i). vt follows from A C B that if x € A then x € B. Therefore 
there is no object x such that x € A and x € B at the same time. Hence 
ANB» (xCA:x B) = 9. 

Proof of (ii). |t follows from А \ B = @ that there is no object x such 
that x € A and x € B. Therefore A C B by Theorem 1.3.4. n 


Fig. 1.7 shows that in the case where A С Е, then £ VA coincides with 
the background of the picture of A mentioned earlier in Section 1.3. By 
common sense, the background of the background of A must be the same 
as A; moreover, the larger the set A, the smaller the background of A. 
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1.6.3. Theorem. Let A and B be subsets of E, Then 
fa) EN(ENA)- A 
(b) ВСА ifand only ENBDENA. 


Proof. (a) By Theorem 1.3.3, the proposed equality will be proved if we 
can establish the two inclusions 
()ACE\(E\A} and (1) ADEN(ENA). 

(i) Let x € A. Then x € E because А is a subset of Е. It remains to 

show that x € E VA. Now for the object x and the set E \ A it is 
either x CENAorx ẸE\A. 

The former case is impossible because x € A by hypothesis. Therefore 
x € ENA, Hence x E \ (E \ A} proving A C EN (E \ A}. 

(ii) Let x € E N(E \ A). By definition x € E and x © E \ A. But for 
object x and the set A, it is 

either x EA or x € A. 

The former case is impossible, for otherwise we would have x € E\A 
contradicting x € E \ A. Therefore x € A. Hence A D Е \ (E \ A). 

This completes the proof of (a). 
(b) The proof of (b) is again divided into two parts: 

(i) if&€\BDEN\A, then B C A, and 

(ii) if B C A, thenE\BDE\A 
corresponding to the ‘if’ and the ‘only if’ in the phrase ‘if and only if’ of 
the original statement (b). 

(i) It follows from E \ B D E VA that for every x € E, if x € A then 
x € B. On the other hand since both А and 8 are subsets of Е, it is also 
true that for every x € E, if x € A then x € B. Thus for all objects x, if 
x € A then x € B. By Theorem 1.3.4 on the backgrounds of sets, we have 
BCA. 

(ii) We may prove the inclusion using arguments similar to those used 
in the proof of (b)(i). Alternatively if follows from B СА that Е \ (Е \ 8) 
CEN(ENA) by (a). Applying (b)(i) to E VB and E \ A, if follows from 
EN(ENB)CEN(ENA) that EN BD ENMA. 

The proof of (b) is now complete. п 


1.7. INTERSECTION 


Two sets А and B are given as illustrated in the Venn diagram below 
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(Fig. 1.8), where the set A is partitioned into differently shaded areas. In 
the last section we cut away from А the vertically shaded area to obtain the 
complement A \ B of B in A, which is represented by the horizontally 
shaded area in the diagram. In this section we consider the second 
operation of cutting away from A the horizontally shaded portion A \ B. 


The result of this operation is the subset 
A\(A\B)= {x GA: x £ANB) 
of A which is represented by the vertically shaded area of the diagram. Let 
us now study the elements of this set. An object x belongs to (x € A: 
x EA \ B} ifand only if 
x€Aand x €A\B. 
On the other hand for the object x and the set B it is 
either x € Bor x € B. 
Under the hypothesis that x € A, 
x € B if and only if x CA VB, and 
x€Bifandonly if x EA VB. 
Therefore an object x belongs to (x € A: x EA \ В} if and only if 
хЄА апах € B. 
In other words, 
(xX€A: x ÉANB) = (x€A: x € B), 
We call this set the intersection of the set A and the set В and denote it by 
A N B. Thus the intersection 
AN B= (xcA:xeB] 
is the set of all common elements of A and B. 


1.7.1 Definition. For any object x, x C A N В if and only if x € A and 
x€B. 
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Thus the membership of A N В is the overlapping membership of A and 
B. Obviously В ПА = (x €B:x€ A] is identical with A N B above. This 
and other formal properties of the intersection are listed in the theorem 
below. - 


1.7.2 Theorem. Let A, B and C be sets. Then 
fa} ANA=A 
(b) АПф=ф 
(c) ANB=BOA {е commutative law of intersection) 
(d) (ANB)NC=AN (BNC) {фе associative law of intersection). 


The proof of these four statements is left to the reader as an exercise. 


Taking the two operations N and \ together, we see that elements of the 
sets A and B are partitioned into three sets AM B, ANB and B VA as 
illustrated in the Venn diagram below (Fig. 1.9). 


Depending on A and B, one or two of the sets А N B, ANB and B \ A may 
be empty. Some of the possible cases are illustrated in the Venn diagrams 
below where the differently shaded areas have the same meaning as before 
(Figs. 1.10—1.12). The reader is invited to prove the statements accom- 
panying the diagrams where the new word 'iff' is just an abbreviation of 
the phrase ‘if and only if’. 


7 | 
AN B=@iffA\B=A iff BNA-B 
Fig. 1.10 
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We say that A and B are disjoint if they have empty intersection, i.e. 
А В = ф, 


AOB-BiffA 2BiffBNA-6 


Fig. 1.11 


| 


A=BiffA\B=¢and В\А = ф 


Рід. 1.12 


In general, intersection has the properties listed in the two theorems 
below in relation to inclusion, 
1.7.3 Theorem. Let A, B, A' and B' be sets, Then 
а) AO BCA'nB'if A CA'andBCB' 
(b) ANB=A if and only if A C B. 
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1.7.4. Theorem. Let A and B be sets. Then 
fa) ANBCAandANBCB 
(b) If Cis aset such that C C Aand C C B, thenCCANB 


The proofs of these theorems are left to the reader as an exercise. А 
careful reading of the last theorem reveals that (a) A N B is included in 
both А and B, and (b) A N B includes every common subset of А and B as 
a subset. In other words, A N B is the largest set (in terms of inclusion) 
that is included in both A and B. This can be formulated also as the 
theorem below: 


1.7.5. Theorem. Let A, B and X be sets. Then X = A N B if and only if 
the following conditions are satisfied: 

fa) XCAand XC B 

(b) If C isasetsuch that C C A and C C Bthen C C X. 


1.8 UNION 


We have found in А N B the largest set (in terms of inclusion) that is 

included in both A and B, and this set is defined by 
x€AnBifandonly if x € A and x € B. 

Parallel to this we wish to find the smailest set that includes both A and B 
as subsets, By this we mean a set Y such that 

(a) AC YandBCY 

(b) If Dis aset such that A C D and B C D, then Y C D. 
It turns out that Y is defined by 

xEY if and only if x € A or x € B. 

(We observe that the connective and in the first definition is now replaced 
by the connective or in the second definition.) To see this we have to show 
that Y, whose membership is given by X € A or x € B, satisfies the require- 
ments (a) and (b) of being the smallest set that includes both A and B. 


Proof. (a) 1f x € A, then also x € A or x € B. Therefore x € Y proving 
A C Y. Similarly B C Y. 

(b) Let D be a set such that A C D and BC D. If x € Y, then x CA or 
х € B by definition of Y. In the former case, x € D, since А C D. In the 
latter case x € D also, since В C D, Therefore x € D, proving Y C D. п 
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Another reading of the definition reveals that Y is the set which 
consists of all elements of A and all elements of B; we may therefore call 
this set the union of the set A and the set B and denote it by A U B. Thus: 


1.8.1. Definition. x CA U B if and only if x © A or x ЄВ, or 
AUB-Íx:x€Aorx€B), 


We may also say that the membership of A U B is the combined member- 


ship of A and B. The union A U B is represented by ail shaded areas of the 
Venn diagram below (Fig. 1.13): 


Fig. 1.13 


Some formal properties of union are listed in the three theorems below 
whose proofs are left to the reader as an exercise. 


1.8.2. Theorem. Let A, B and C be sets. Then 
(а) AUA=A 
(b AU@=A 
(с) AUB-BUA (the commutative law of union) 
(d) (AUB)UC=AU(BUC) (the associative law of union). 


In relation to inclusion we have: 


1.8.3 Theorem. Let A, B, A' and B' be sets. Then 
fa) AUBCA'UB'ifACA'and BC B’ 
(b) AUB-Aifand only if BC A 
(с) ACAUBand BCAUB 
(d) If Disaset such that A C D and B C D, then AU B C D. 
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In relation to intersection we have: 


1.8.4. Theorem. Let A, B and C be sets. Then the following distributive 
laws hold: 


(а) АС (ВОС) = (Ап В) О (An C) 
(b) AU (Bh C) = (АЧ В) п (AUC). 


More intersecting and less trivial is the so-called De Morgan's Law which 
links up union, intersection and complement. 


1.8.5. Theorem (De Morgan's Law). Let A and B be subsets of a set E. 
Then 

fa) E\(AUB)=(E\A)O(E\B) 

(b) E\ (АПВ) = (Е\А) О (ENB). 


We note that these formulae resemble the usual distributive laws but 
with a major difference in which the symbols N and U interchange from 
one side of the equality sign to another. An illustration of De Morgan's law 
is given by the Venn diagram below (Fig. 1.14): 


[LÁ 


where £ \ A is shaded horizontally and Е \ B is shaded vertically. Let us 
now prove the theorem. 


Proof. (a) By definition 
x€EN(AUB)iffx € E and x £A U B. 
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By the definition of union 
x EA UB iftx € Aand x € B. 


Therefore, 

xEE\ (AU B) iff x € E and x € A as well as x € £ and x € B 
i.e. x€EN(AUB)iffx€ENAandx €ENB 
Hence EN(AUB)- (ENA) O (ENB), 


(b) (EVA) U (E \ B) = E\(E\ (ЕЛА) U (EN B)) 
= E\((E\(E\A)) N (E \ (E\B))) 
=E\(A NB). а 


1.9. EXERCISE 
In this exercise, A, B, C, . . . denote sets. 


1. Let A = (a, b, c, d), B= (c, d, e) and C = (a, e). Determine 
(a) AUB, BUC, CUA and 
(0) АПВ, Bn C, Cn A. 


2. Let A= {1, 2, 3, 4, 5, 6, 7, 8, 9}, B= {2,4,6,8}, C= {1,3,5,7,9}, 
D = {3,4,5} and E= (3, 5). Which of these sets will be equal to the set 
X satisfying the following conditions? 
(а) XNB=¢9; 
(b) XCDand XC B; 
(c) XCAand ХС; 
(d XCCand X4 A; 


3. Consider the following sets of triangles: 
T = the set of all triangles, 
E - the set of all equilateral triangles, 
/ = the set of all isosceles triangles, 
S = the set of all scalene triangles, 
R = the set of all right-angled traingles, 
A = the set of all acute-angled traingles. 
Which of the following statements are true? 
(а) ECICT; 
(b) SCE; 


22 


12. 


13. 
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(с) ACR; 
(d) /| RCAnE. 


Consider the following sets of quadrilaterals: 
О = the set of all quadrilaterals, 
T = the set of all trapezia, 
S = the set of all squares, 
P = the set of all parallelograms, 
В = the set of all rhombuses, 
E - the set of all rectangles. 
Which of the following statements are true? 
(a) SCECPCTCQ; 
(b RCPCTCQ; 
(с) ROE=S; 
(d SCTnE; 
(е) SUPCRUE. 


15 the equality (a, b} N {b,c} = (b) always true? Why? 
If (A, B) = (C, D}, prove that 

(a ANB=CND, 

(б) AUB=CUD. 


Give an example of sets A, B and C such that 
ANBEGBANC#HO, butANBNC=¢. 


If A UB = А for any set A, prove that B £ ф. 


IfAUB-AUCand АГ В= А С, prove that B = С. 


. Prove that (ANB) UC=AN (BU C) if and only if CC A. 


. (a) Prove that (АЧ В) ПС = (AU (Bh C)) NC. 


(b) Deduce that (AU B) n C- AU (BNC) if and only if A С C. 


If A C B, prove that there is a unique subset S of B such that SU A 
and 5 ПА = ф. 


Are the following statements true for all sets A, B апа C? Explain. 


14. 


15. 


18. 


17. 


18. 


19. 


20. 
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(a) if A € Band BEC, then A EC. 

(b) If A# Band B£ C, then A £ С. 

(c) ItA€ Band BEC, then AC C. 

(d) If A C B and B C C, then C C A. 

(e) If A C B and B€C, then AC C. 

(f) IFAQCCB,then (АС B)U (BNC) = B. 
(9) IfAQYC€8B,thenA€ BUC. 


Prove that the following statements are equivalent; 
(a) ACB, 

(b) ANB=Aand 

(с) AUB-B. 


Let S be a collection of sets such that A \ В € S for any A, BES. 
If A and B ES, prove that AX B € S. 


Let S be a collection of sets. Define 
S = (ANB: Aand BES} 
(a) Prove S? С (50 }0. 
(b) Give an example to show that it is possible to have S? # (50 9, 


If A is a set such that A € A, determine of which of the following sets is 
A an element, a subset, and neither an element nor a subset: 

(a) {{A} 8} (АҒА), 

(b) A, 

(c) {А}\{{А}}, 

(d) {A} UA, 

(е) {A} U {Ø}. 


If A C B, prove that A U (B \ A) = B. 


Prove that (a) AU B = (А \ 8) U (8\А) О (ANB) 
(b) A\B=A\(ANB), 


lf A and B C Е, prove that 

(a) ANB- А П (ENB), 

(b A\(E\B)=ANB, 

(c) (ENA)N(ENB)-BNA, 
(d) AU ЦЕ\А) 8] = AUB, 
(e) An f(£NAY)UB]) =ANB. 
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21. If A and B C E such that АП B = $, prove that A C EB. 


22. Let A, B and C be subsets of Е. Prove that 
(а) E\(AUBUC)=(E\A)N(E\B) ON (ENC) and 
(b E\(AN BOC) = (Е\А) О (ENB)U (ENC). 


23. Prove that (a) (A\B) \C={A\C)\(B\C), 
(b) (AUB)\C=(A\C)U (B\C), 
(c) A\(BUC)=(A\B)\C, 
(d) (A\B)U(ANC)=A\(B\C), 
(e) (A\B)U(A\C)=A\IBNC). 


24. Define A | B = E \ (AM B), where A and B are subsets of E. 
(a) Prove that (i) Е\А = АА 
and (ii) AN B= (А [ 8) | (А 18). 
(b) Express U (union) in terms of | alone 


*25. Let A, A5, ..., А, ben given sets. 
(а) For; = 1,2,...,n, find a subset S; of A; such that S; C S; for ¿>j 
and A, ПА, 0... A; $408, n... S. 
(b) For; = 1,2,...,n, find a subset 7; of A; such that 7, Т; = фі? 
iFjand A, UA,U...UA,=T, UTU... UT, 


1.10. ORDERED PAIRS AND CARTESIAN PRODUCT 


In terms of number of elements, the empty set $ is the smallest set 
possible and there is just one such set with no element. The next larger sets 
are the singletons; these are sets with exactly one element. They are 
written in the form 

{a} 
where a is an object and the only element of the set {a}. The unordered 
pairs 


[a b} 
where a £ b are the next larger sets with exactly two elements. Properties 
of these small sets are formulated in Theorems 1.2.7, 1.2.8 and 1.2.9. In 
particular we note that in the unordered pair fa, b}, the elements a and Б 
play an identical role as members of the unordered pair (a, b}. 
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We are now interested in constructing a set from a pair of objects a and 
b in which a and b play rather different roles. Moreover we would like this 
set to have the smallest possible number of elements. Obviously this 
number cannot be zero nor one; therefore it has to be at least two. 
Starting with objects a and b, and using al! available techniques such as 
(. }, A, апа \ once, we can only obtain three non-empty sets, 
{a}, {b}, (a b). 
But none of these first-generation species satisfies our requirement, On the 
other hand, we can use these sets as well as the original а and b as objects 
to construct many more sets using the same techniques, Among them we 
have, for example, the following singletons 
{{а}}, UT {{а,Р}},... 
and the following unordered pairs, 
{а, {а }}, (a, {ot}, {а}, {oth Ца}, fa, 5H 
{{а, b}, {Ь}},... 
Among these second-generation species, we do find sets in which a and 
b have different roles to play. Take, for example, the fourth one on the 
second list, 
Ца }, (a, 53) 
where а appears twice апа b only once. Thus, at least on appearance, а and 
b have asymmetric roles. This is also easily confirmed by an application of 
Theorem 1.2.9. that 
if a£ bthen {{a}, (a, b}} # {{b}, (5,a)]. 


Most importantly we can prove the following crucial theorem. 


1.10.1. Theorem. Let a, b, c and d be objects. Then 
Ца}, (a,b) = {{e}, {с, а}} ifandonty if a=c and b =а. 


Proof. By Theorem 1.2.9, if a = c and b = d, then {fa}, (a, b}} 
= {{с}, (c, d}}. Thus the ‘if’ part of the theorem is trivial. Let us prove 
the ‘only if’ part. Assume that {{a}, (a, b}} = с], fe, d}}. By 
Theorem 1.2.9 again, there are the following two possible cases for the 
elements of these sets: 

(i) {а} = (cj and (a, Б} = (c, а}, or 

(i) {a} = (c, d and (a, b] = fe}. 

In case (i), it follows from {a} = (c) that a = c. a = c together with 
(a, b] = fc, d] must imply that b = d. Therefore in this case we have 
a=candb=d. 
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in case (ii), it follows from {a} = (c, d} that a = c = d and it follows 
from (a, b} = {c} thata =b = с. Thusa = b = с = d. Hence, also a = c and 
b = d. The proof of the theorem is now complete. п 


We have therefore succeeded in our construction of а set with the least 
number of elements in which a and b have asymmetric roles. Furthermore, 
the last theorem shows that the set { {а }, (a, b]) behaves exactly like a 
pair of coordinates of a point in plane analytic geometry. For this reason, 
we shall adopt the well-Known notation of analytic geometry and write 

(a, Б) = {а }, (a, b}} 
and call this set the ordered pair of а and b. 
We can now rewrite the last theorem in this notation: 


1.10.2. Theorem. Let a, b, c and d be objects. Then (a, b) = (c, d) if and 
only ifa = сапа b = d 


Finally we observe that {{а}, fa, 2 }} is not the only one among the 
second-generation species that can satisfy our requirement. For example, 
{{b}, (a, b ]) also satisfies our requirement. 

If we collect all ordered pairs (a, b) where the first coordinate a is taken 
from a set А and the second coordinate b is taken from a set B, then we 
have а set 

(ta, b): аєдА апа Б EB} 


of all such ordered pairs. This set is clearly the analogue of the coordinate 
plane of analytic geometry. We shall call this set the Cartesian product of 
the set A and the set B after the French philosopher and mathematician 
René Descartes (1596-1650) and denote it by A x B. Thus: 


1.10.3. Definition. Ax B = ((a, b) :a€ А апар € B]. 


For example, 
{a} x {b} = (t, b)} 
{a} x {b,c} = (la Б), (а, с) } 
{x,y}x {s,t}= (655), (x, 2), (y, s), (У, 0) 
Ахф=ф=фхВ. 

In general the Cartesian product of sets is not commutative: 
AxBf£BxAunlessA-BorA-óor В = ф. 
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In analytic geometry of space we use three coordinates for each point. 
Analogously, if а, b and c are objects we define an ordered triple (a, b, c) 
in terms of ordered pairs by putting 
(a, b, c) = ((a, b), c) 
i.e. it is an ordered pair whose first coordinate is an ordered pair. Clearly 
we can prove that for objects, a, b, c, a’, b’, and с”, 
(a, b, c) = (a, bc) iff a =a, Б = Б' апас -»c. 
The Cartesian product A x B x C of three sets A, B and C is therefore 
AxBxC-(AxB)xC- {(а‚Ь,с):аЄА,ЬЄВ,СЄС} 
Step by step we can define ordered n-tuples 
(a,,42,...,4p) 

in a similar manner. For ordered n-tuples we have 

(a,,42,...,4,) = (bi, b2,...,6,) iffa; = Б; forall 2 1, 2,..., п. 
The set of all ordered n-tuples (31, аз, ... , a, ) where the /-th coordinate 
a; is taken from a set A; for/=1,2,..., is then the Cartesian product 

Aix As X...x А = llai,a,,...,a5):a;€ Aii 91,2, ..., n) 


1.11. EXERCISE 


In this exercise, A, B, C, D denote sets. 
1. Let A= (1,2, 3] and B = {a,b}. Find A x B and B x A. 


2. Use the definition (a, b) = {{a}, (a, b }} to prove that, for any object a, 


{a} x {a} = {{{a}}}. 


3. An ordered pair is by definition a set. Show by an example that not 
every ordered pair has two elements. 


4. Give an example of sets A, B, C, D with 
(А ОВ) х (CUD)£* (Ах С) о (BxD). 


5. Prove that (AU B) x C- (Ax C)U {B xC). 
6. ТАХА = В xB, prove that A = B. 


7. НА ПВ = 6, prove that (A x B) N (Bx A) = ф. 
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8. If A£$andAx В = A х С, prove that В = C. 


9. If A£ $ and B£ Ф, prove that (Ax BJU (Bx A) CxC 
if and only А = В = C. 


10. (a) Prove that (A х В) ON Cx D) = (An C) x (BND). 
(b) Deduce from (a) that 

(ANB) хс = (Ах С) п (Вх С) 

апа Ах (ВОС) = (Ax B) (А х С). 


1.12. ОМЕ-ТО-ОМЕ CORRESPONDENCE 


[n mathematics we аге used to comparing things. Given two objects а 
and 6, we can only compare them for the purpose of finding out if they 
are equal (a = 5) or they are distinct (a # 5b). Given two sets A and B, in 
addition to the comparison for identity, we can also compare one with the 
other in order to find out if A C B or A ¢ B. The criteria for both 
comparisons are given in terms of membership, namely, 

for A = В: x EA if and only if x € B 


for AC В: ifx EGA thenx € B. 
If A and B are both finite sets with not too many elements, a procedure 


of the comparison for inclusion may be carried out as follows. As a first 
step we pick one element, say x, of A and search for an identical copy of x 
among the elements of B. If this cannot be found then we conclude that 
A ¢ B and the procedure stops. On the other hand, if a copy of x is found 
in B, then we proceed to the second step by picking another element, say 
y (x £ y), of A and searching for an identical copy of y among the 
elements of B. If this cannot be found, then we conclude that A ¢ B and 
we stop; otherwise we proceed to the third step, and so forth. Thus the 
procedure comes to a halt whenever no identical copy of an element of A 
can be found in B, or when we have found identical copies for al! elements 
of A. In the former case, we conclude that A ¢ B; in the latter case, A C B. 
If it so happens that the last element of А is matched by its identical copy, 
which is the last element of B, then our conclusion will be A = B. 

We now modify slightly the procedure above to make another kind of 
comparison. The modification is, that instead of searching for an identical 
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copy of x in B for each x € A, which is very restrictive and difficult at 
times, we simply match each element of А by some element of B. We 
begin with picking an element x of A and matching it by any element of B, 
which once selected will be denoted by f(x} to indicate that x and f(x) are 
now matched. If there is no more element in А or in B, we stop; otherwise 
we proceed to the next step. The second step is to pick another element y 
(x £ y) of A and match it by any unused element f(y) (i.e. f(x) # f(y)) 
in B, and so on. We continue with this procedure as long as there are 
still unused elements left in both A and 8. When the procedure comes to а 
halt, then exactly one of the following three alternatives is the ultimate 
outcome of the comparison: 

(i) elements of A are used up before those of B, 

(ii) elements of B are used up before those of A, or 

(iii) elements of A and B are used up at the same time. 

Clearly if the outcome is (iii) we would say that the sets A and B are fully 
matched by pairing each x € A with f(x) € B, or we may say that А and B 
are in a one-to-one correspondence. 

We now try to put this notion of one-to-one correspondence in precise 
terms. At first we take note that by matching an element x € A by an 
element f(x) € B, we get an element (x, f(x)) of the Cartesian product 
A x B. If we let x run through all elements of A, the ordered pairs (x, f(x)) 
wil! form a subset of A x B. We now lay down the definition of a 
correspondence. 


1.12.1. Definition. Let А and 8 be sets. Any subset q of A x B is called a 
correspondence from А to B. We say that x € A and y € B correspond to 
each other if (x, y) € фр. 


1.12.2. Example. The set ((x, f(x) CA x B: x€ A] of all matched pairs 
of the last procedure is a correspondence from A to B. 


1.12.3. Example. Let S be the set of all points in the plane and 7 the set 
of al! lines, The relation of incidence (the point P is incident with the line 
g if P lies on g) defines a correspondence 

(P,g)€ Sx T:PEg} 
from points to lines. To each point P correspond all lines through P and to 
each line g correspond all points on g. This is an example of a 'many-to- 
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many' correspondence where to each element of S correspond many 
elements of 7 and vice versa. 


1.12.4. Example. |f bo is a fixed element of B, then 
{(x, bj) €Ax B:x€AJ 


is an example of a ‘many-to-one’ correspondence where all elements of A 
correspond to one and the same element bo of B. 


An important special case is the one-to-one correspondence. 


1.12.5. Definition. A correspondence р from a set A to a set B is called a 
one-to-one correspondence /f there corresponds to each x € A just one 
у Є Вапа to each y € B just one x € A, i.e. 


fi) toeach x € A there is one y € B such that (x, y) € 9 
fii) if (x, y) and (x, y") both belong to 9, then y = y' 
(iii) to each y € B there is one x € A such that (x, y) € 9 
(iv) if (x, y) and (x', y) both belong to Ф, then x = x’. 


A one-to-one correspondence is also called a one-one or a 7-7 corre- 
spondence or а bijection. If р C A x B is a one-to-one correspondence then 
the unique element y € B that corresponds to an element x € A is also 
denoted by у(х) and we may also denote the correspondence о by x > 
iix). 


1.12.6. Example The correspondence 
(ix, fx) €AxB:x€A] 


defined by the pairing of our last procedure is a one-to-one correspondence 
if and only if the outcome of the comparison is the alternative (iii). 


1.12.7. Examples. A bijection between the set of all letters of the English 
alphabet and the set of the first 26 positive integers is given by the 
correspondence 

х у 2 

4 Vox 

24 25 26 


= «— Ф 
о С 


с 
Y 
3 


Bead 
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There are, of course, many other bijections between these two sets, e.g. 
the correspondence 


a b c d. X у z 
V4 4 x + 4 4¥ 
3 4 5 6 26 1 2 


1.12.8. Examples. The following correspondence from the set of all 
positive even integers to the set of all positive integers 


2 4 OC s 2). M uo oua c2 
{ { { { 
12 34 5 6 7 .. . 2n-1 2n 2n+1 
fails to be a bijection; while the correspondence 
2468... 2n 
| 4 xd { 
1 2 3 4 . . . n 
is a bijection. 


1.12.9. Examples. Let Z be the set of all integers. Then 
(G X) €Z x Z : xe Z] 
{(х,х – 1000€ ZxZ:x€Z] 

are 1-1 correspondences from Z to Z, while 

(o, х?) eZ x Z:x€7) 

and { (х, x?»28-8)€ Zx Z:x EZ} 

are not. 


1.13. MAPPINGS 


Many correspondences that fail to be a one-to-one correspondence may, 
nevertheless, be very useful correspondences. For example, the first 
correspondence of 1.12.8 


2 4 8 жож зш „у! s 2 
4 4 4 4 
12 3 45 6... 2—1 2n 2л+1 


certainly helps us to identify the set of all positive even integers as a subset 
of the set of all positive integers, and the correspondences 

{(x,x7)EZx 7 :x€z) 

(х, x3 2х2 -B)€Zx Z:x€ Z] 
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of 1.12.9 are just the polynomials 

x? and xà 2x2 — 8 
in disguise. On closer examination, we find that all three correspondences 
above satisfy conditions (i) and (ii) but not both (iii) and (iv) of Definition 
1.12.5 of a one-to-one correspondence. This leads us to formulate the next 
definition of the notion of mapping which is fundamental in any course of 
higher mathematics. 


1.13.1. Definition. А mapping or a function from a set A to a set B isa 
correspondence ф C. А x B that satisfies the two conditions below: 

(i) toeachx € A there is one y € Bsuch that (x, y) € o 

(ii) if (x, y) and (x, у”) both belong to y, then y = у". 


In other words, a mapping is a correspondence such that to each x € A 
there corresponds exactly one y € B. If © is a mapping, we write Ф: A — B 
or A -É B and call A the domain and B the range of №. The unique element 
y € B that corresponds to x € A is called the /mage of x and is written 
(x). We also write x — y or x —> (x) to indicate the correspondence 
between x and its image y = (x). Often the subset of B that consists of all 
the images of elements of А, i.e. the subset 

{y EB: y = ф(х) for some x € A] = {ф(х):хЄ А} 
of B is also called the tota/ image of the mapping ¥ (or the direct image of 
A under 9) and is denoted by Im ог [A]. 

Obviously all three correspondences above are mappings, and clearly a 
bijection is a particular type of mappings. There are mappings v: A — B 
that further satisfy either or both of the conditions 

(iii) to each y € B there is one x € A such that (x) = y, and 

(iv) if p(x) = Y(x’) then x = x’ 
of Definition 1.12.5. It is useful to consider these two conditions 
separately. 


1.13.2. Definition. A mapping y: A — B is called surjective, or a 
mapping onto B if every element of В is an image, i.e. Im ф = B. 


1.13.3. Definition. A mapping v: A — B is called injective or one-one if 
distinct elements of A have distinct images, i.e. x # x’ implies (x) ў p(x’). 


Thus a mapping is bijective or is a bijection if it is both surjective and 
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injective. The inclusion mapping 2n — 2n of the set of all positive even 
integers into the set of all positive integers of Example 1.12.8 is injective 
but not surjective. The polynomial functions x ^ x? and x > x? + 2x — 8 
are neither injective nor surjective. Examples of mappings that are 
surjective but not necessarily injective are the projections of the Cartesian 
product pr,: A x B — А апа рг: Ax B — B defined by the correspon- 
dences (a, b) ~ a and (a, b) — b respectively. 


1.14. EXERCISE 


In this exercise, R denotes the set of all real numbers, Z denotes the set of 
all integers and № denotes the set of all natural numbers = (0, 1, 2, 3,. . .). 


1. Are the following correspondences mappings? Explain. 
(a) (x, y) € Rx R:x ty = 1}; 
(b) (x, y) € Rx R:xy » 2); 
(c) {(m,n)EZx Z:m—n=3N forsomeN € 2}. 


2. Determine whether the following correspondences on R are mappings: 
(a) {ix у), filix, y) )€ R? x R2: ff, yl = (х+1,у +2) }; 
(b) ((x, y), glx, у) E R? x R?: gl(x, y)] = (x cos0 — y sin Ө, 
X sin 0 + y cos 0), where @ is a fixed real number. } 


3. Show, by means of an example, that for a mapping f, the sets АА A B] 
and [А] 7 #18] may be distinct. 


4. |f there exists a mapping from a set А to a set B, which is not injective, 
prove that A £ $ and B £ ф. 


5. If there exists a mapping from a set A to a set B, which is not surjective, 
prove that B £ Ф. 


6. The mapping f : N x № — N maps an ordered pair of natural numbers 
onto a single natural number by the rule £[(m, n)] = 2"*! (2n + 1). Show 
that f is an injective mapping. 


7. Let Е be the set of all even natural numbers. For each n Є №, let (п) = 
2n. Prove that the mapping f : N— Е is injective. 
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. Prove that the mapping f : № — N defined by 


fin) -n—1fornz1 
and f(0) = 0 
is not injective. 


. Prove that the mapping f : № — N defined by 


л) =п +2 
is пої surjective. 


Define a mapping f : № N by 
Ап) = sum of the digits of n for any n Є №. 
Is f surjective? 15 f injective? Explain. 


. Prove that the mapping f : К —* [—1, 1] defined by 


f(x) = cos x 
is surjective but not injective. 


Prove that the mapping f : К = {—7, 0, 7} defined by 


т ifx>O 
F(x) = О ifx=0 
—nifx <0 


is surjective but not injective. 


Let A = (1,2,3,...,n]. Prove that 


(a) if a mapping f : A — A is surjective, then it is injective, 
(b) if a mapping g : А — A is injective, then it is surjective. 


Prove that the mapping f : N — Z defined by 
n... 
-3 if n is even 
fin) = 


"1 if n is odd 


is bijective. 


Let N be a fixed positive integer. Prove that the mapping f : Z — Z 


given by 


n*Nifn is divisible by № 
fin) = 


n if n is not divisible by V 


is bijective. 
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16. Give an example of non-empty sets A, B and C with the property that 
there are injective mappings 
A—B—C-—A 
none of which are bijective. 


17. Let £: A — A and /д : А — A such that /д (а) = a for eacha E A 
(/4 is called the identity mapping of A). 
(a) If fC /4, prove that f= / 4. 
(b) If /4 C f, prove that f= / 4. 


*18. Iff : A — B and X, Y are subsets of A, prove that 
(a) fliX ^ Y] C FLX] NFLY]; 
(b) f[X U Y] = ЯХ) ОЛУ]; 
(c) f is injective if and only if 
FIXA Y] = f[X] n f[Y] for any X, Y С A; 
(d) f is surjective if and only if 
BNfIX] CfIA\X] forany XC A; 
(e) f is bijective if and only if 
f[ANX] =B\FLX] for any X C A. 


*19, Let X and Y be two non-empty sets. The disjoint union of them is 
defined by 
X+Y=(Xx (0)U(Yx(1)). 
Define £f: X — X*Y and g: У Х + Y by 
f(x) = (x, 0) for any x € X and 
gly) = (у, 1) for any y € Y. 
(а) Show that fix] NglY] =¢. 
(b) Show that f and g are injective. 
(c) Ifh:X+Y— XU Y is defined by h((a, b)] =a, prove that 
(i) A is surjective, and 
(ii) A is injective if and only if AM B= ¢. 
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*20. If X and Y are sets, denote by УХ the set of all mappings from X to Y. 


(a) Prove that, for any sets A, B and C, it is possible to find a bijection 
between 


(i) (A xB)? and AC x BC; 
(i) ABYC and A8 x ACitB C» ф. 

(b) If there is a bijection between ABVE апа AB х AC, is it necessary 
for B N C to be empty? Why? 


2. Mathematical Induction 


In this chapter we shall study in some detail a very important and useful 
property of natural numbers — the principle of mathematical induction, 
upon which is based the well-known technique of the proof by induction. 
Instead of just recapitulating the standard procedure of this particular 
method of proof which you have probably learnt and mastered, we shall 
go deeper into the subject and try to understand the nature of mathema- 
tical induction. Indeed we shall see how this principle is derived from а 
very simple property of natural numbers — the well-ordering property. 


2.1. APROOF BY INDUCTION 


We are all familiar with the following formula for the sum of an 
arithmetic progression: 


1429... ene (1+1), 


This formula can be proved in a most straight-forward manner as 
follows: 


First proof. Let п be an arbitrary natural number. Then 


162... en75 [0 828.. en e MADE, +n) 


тя -1)+...+2+1)+(1+2+...+(—1)+л) 
тя +1} +. +(+) +n (n summands) 
=5 (1+1), п 


Alternatively we can prove the same formula by induction as follows: 


Second proof. Usually this proof is in three parts. 


1 
(a) For n= 1, we verify the formula by substitution. Thus 1 75! 1-71). 
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(b) Suppose that the formula is true for some natural number л 2 1. We 
proceed to show that it is also true for the next natural number n + 1. In 
other words, assuming 


1*2. Ent (o) 


for a particular natural number n, we have to prove that 


(n +1) 
2 


1+2+...+п+ (п +1) = [(n +1) +1}. 


Now 1+2+...+п+ (0+ 1) = [142*...*n] + (n* 1) 


=541+1) + (1+1) = (п +1005 +1) 


221 «22 079 цажт) +1). 


(c) Since the formula holds for n = 1 and, on the assumption of its 
validity for some particular n, also for the next number n * 1, we may 
conclude, by virtue of the principle of mathematical induction, that the 
formula holds for every natural number n. " 


Either proof establishes the validity of the formula for the sum of an 
arithmetic progression. In the first proof, n is an arbitary natural number, 
and the formula is derived from the familiar laws of arithmetic, such as the 
commutative, associative and distributive laws. Therefore we call this a 
deductive proof. |t is said that as a primary pupil, C.F. Gauss used the same 
idea as that of this proof to find 1 + 2 +... + 100 = 5,050 when he was 
told to do the sum in class. 

Let us analyse the individual parts of the second proof. Part (a) states 
the validity of the most trivial case when n = 1 and nothing further. Part 
(b) is more general, but by itself it does not tell us 1+2+...+ 100 = 
5,050, until we know for sure that 1 + 2+... + 99 = 4,950. Thus these 
two parts when taken separately do not say much on the formula that we 
want to prove. When taken together they do tell us a great deal. For 
example, knowing that the formula is true for n = 1 by (а), we may 
conclude that it holds for n = 2 by (b). Applying (b) to the already 
established case for n = 2, we know that the formula is also true for n = 3. 
Thus using such argument ninety-nine times, we get 1 +2 t... + 100 = 
5,050. Similarly, using it nine hundred and ninety-nine times, we obtain 
1+2+...+ 1,000 = 500,500, and so on. Therefore these two parts 
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provide us with the necessary mechanism to verify the formula for each 
individual case. 

If there were only a finite number of such individual cases (for 
instance, if we were only asked to prove the formula for the first ten 
thousand natural numbers n), then the two parts of the proof would be 
sufficient, for we could simply go through the procedures mechanically, 
even though it might take a very long time. However, for our present 
problem, we have an infinite number of individual cases (one for each 
natural number n = 1, 2, 3, . . .) and therefore parts (a) and (b) alone are 
not sufficient to establish the validity of the formula for all n. It is 
precisely for this reason that part (c) is needed to complete the proof. 
Part (c) appeals directly to the principle of mathematical induction, which 
has the effect that on the basis of parts (a) and (b), our formula will hold 
by a single stroke for each of the infinitely many individual cases. 

The pattern of this second proof is that we conclude that the formula is 
generally true on the basis of the validity of the formula in individual 
cases. It is therefore called a proof by induction. 

The principle of mathematical induction is a very powerful and 
indispensable tool of mathematics. We shall see in the subsequent sections 
how it is properly used in a variety of problems and how it can be derived 
from an apparently simple property of natural numbers, 


2.2. THE WELL-ORDERING PRINCIPLE 


By natural numbers we mean non-negative integers, i.e. the whole 
numbers 0, 1, 2, 3, .. .. Itis customary to denote the entire collection of 
natural numbers by N and we call it the set of natural numbers. We 
compare natural numbers by their magnitudes and know that given any 
two natural numbers a and b, either a <р ora = b or a» b. 

Besides the entire set N of natural numbers we shall also consider 
subsets of N. For example we have: 

S,, the set of all even numbers; 

Sy, the set of all integers greater than 100; 

$5, the set of all whole numbers between and including 6 and 71; 

S4, the set of all natural numbers less than or equal to 120; 

S5, the set of natural numbers greater than 71 and less than 65; 
and so on. In the notation of set theory we may write these subsets as 
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S; = {x€ Nx iseven} = {0, 2,4,6,...} 

5, = {x E NI x > 100} = (101, 102, 103, ...} 

53 = {x ENIlx26andx <71}= (xeNle«x«71) 

= {6,7,8,..., 70,71} 

54 = {xE №1х< 120} = {0, 1, 2,..., 119, 120} 

Ss = (x € Мх > 71 апах < 65) = 9. 

Except in S5, which is empty, we can find in each of the subsets above 
a least element, i.e. an element of the subset which is less than or equal to 
every element of the subset in question. Thus the least elements of the 
subsets Sı, S5, S4 and 54 аге 0, 101, 6 and 0 respectively. 

Having a least element is a common property, which is also shared by 
many other non-empty subsets of N. For example, O is the least element 
of the entire №, and the element a is the least element of the singleton 
subset (a), which consists of a alone. In fact every set of natural numbers 
that we can think of will always have a least element as long as it is non- 
empty. Let us now formulate this simple property of natural numbers as: 


2.2.1. The well-ordering principle. Every non-empty set S of natural 
numbers has a unique least element, i.e., there is an element a Є S such 
that a < b for all elements b € S. 


We shall accept this principle as a basic assumption for our subsequent 
discussion, because it cannot be derived from the usual laws and basic 
notion of natural numbers. In other words, we shall henceforth take as 
known and true and without question that every non-empty subset of N 
has a least element. 

Finally it must be emphasized that the above principle is a property 
particular only to the natural numbers, and sets of other types of numbers 
(such as integers and rational numbers) may not have a least element. 

Take for example the set Z of all integers which consists of all positive 
and negative whole numbers together with zero, 0, +1, +2, .... Again, 
given any two integers x and y, it is either x < y or X = y or x 2 y. 
Consider the following subsets of Z : 


T, = {-7, 9, —1, —5, 100} 
Т, = (13,2, —5, 7,0] 

Ту = {хє21х20}= № 
Т. = (xeZix«0) 

T; = (0,2, 2,4, —4,...}. 
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The sets 71, Ta and 73 has least elements, which are —5, —7 апа 0 
respectively, while neither 74 nor T; has a least element. 

Similarly it is easy to see that not every set of rational numbers has a 
least element. 


2.3. THE PRINCIPLE OF MATHEMATICAL INDUCTION 


Imagine that an infinite row of dominoes was set up on edge close 
enough to one another, so that when anyone falls, it knocks down the 
next one in line. If the first one is pushed over, would all the dominoes fall 
down one after another? The statement below is an idealization of this 
notion: 


Let S be a set of natural numbers with the following two properties: 
(i) О belongs to S, 
(ii) whenever a natural number k belongs to S, then the next number 
k + 1 also belongs to S. 
Then S is the set N of all natural numbers. 


Condition (i) corresponds to the requirement that the first domino is being 
pushed over while condition (ii) corresponds to the requirement that the 
dominoes are close to one another. 

It is on the basis of this principle that we were able to complete the 
second proof of the formula for the sum of an arithmetic progression given 
in Section 2.1. Let us now prove this principle using the well-ordering 
principle of Section 2.2. 


Proof. Let S be a set of natural numbers that has the properties (i) and (ii) 
of the above statement and let 7 be the set of natural numbers which do 
not belong to 5, Then either 7 = ф or T is a non-empty set. In the former 
case we have S = N and there is nothing more to be proved. Suppose now 
that 7 is non-empty, then by the well-ordering principle, 7 has a least 
element a, which, by definition of 7, is not an element of S. By (i), a #0, 
i.e. а Z 1. Therefore a — 1 is a natural number, Then either a — 1 belongs 
to 7 or a — 1 does not belong to 7. We shall see that either case will lead 
to a contradiction, thus showing the impossibility of the assumption that 
T $ $. In the former case, a —1 € 7 and a — 1 < a; this contradicts that 
a Є Т is the least element of T. In the latter case, a — 1 € T, we would have 
а – 1 Є 5. Now it follows from a — 1 ES and (ii) that (a — 1) + 1 =а isan 
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element of S, which contradicts a € 7. Therefore it is not possible that 7 is 
non-empty. Therefore 7 = ф and hence S = №. The proof is now complete. m 

It is an easy exercise to dress up the second proof of Section 2.1 in the 
notation of the principle of mathematical induction. 


2.3.1. Example. Prove that O- 1*2 +... +п 25 (n + 1) holds for all 


natural numbers л. 


Proof. Let S be the set of natural numbers n for which the formula 
0+1 +2+...+п=240+1) 


holds: S= (0€ N[O* 1-72... ta=5 (n + 1) }. We want to prove that 


S - N. For this purpose we need only show that conditions (i) and (ii) are 
satisfied. Condition (i) is trivial. For (ii), let us suppose that k € S, Then 


OPTED FREE = (+1) +(К+1) 


(k +1) 
= —— k + 
2 ( 2). 
Therefore (К + 1) € S. Hence S = N by the principle of mathematical 
induction. B 


Let us try to prove a more complicated formula by the same method. 


2.3.2. Example. Show that for any natural number л 


12 +22 +33 +...+л? = пп + 1)(20 +1). 


The formula in question is actually the general expression of a collec- 
tion of statements, one for each natural number: 
F(0): 0? - 0 
(1): 12 = 1 
F(2: 1? +2? =5 
F(3): 1? +22 +32 = 14 
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We are therefore required to prove that all these statements are true. 
Naturally it is impossible for us to prove each statement one by one, and 
the most appropriate method of proof is an application of the principle of 
mathematical induction. 


Proof, Let S be the set all natural numbers n, for which the corresponding 
statement F (n) is true: 

5 = {n€ N | Fin) is true) 
The aim of the proof is to show that S = №, Thus it is sufficient to prove 
that the set S has properties (i) and (ii). Obviously S has property (i) 
because F(Q) is true by direct verification. To show that S has property (ii) 
we prove that F(k + 1) holds (i.e. К + 1 belongs to S) under the assumption 
that Ё (К) is true (i.e. k € S). Let F(k) be true. Then 


1°+2°+...+к? + (к +1)? = [12 +2? +... +2] +(к+1)? 


ii 


= oi ol- 


k(k +1)(2k + 1) + (к +1)? 


Ш 


(К + 1)[k(2k +1) + 6(k + 1)] 
“(К+ 1)((K +1) + 1) [2(k +1) * 1]. 
Therefore F(k + 1) is true and hence S has property (ii). By the principle 


of mathemetical induction, S = N, 


i.e, Fin): 1? +2 +... +n? s&nt + 1)(2n +1). n 


2.3.3. Example. Let Po, Pı, . . . and qo, qı, . . . be two sequences of 
positive numbers such that 


Po > qo; Pns: = п *qn); Уһ d, 76, n70,1,2,... 
where c is a positive constant. Prove that 
Pn 20541 >C? 9+1 >an, n70,1,2,... 
Proof. We shall use the well-known inequality of arithmetic and geometric 


means: for any positive numbers x, y, 


1 
уху S (x * y) 
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and equality holds if and only if x = y. This follows from the simple 


observation that 
0< (Vx – Vy)? =x – 2Jxy +y 
We are required to prove four separate inequalities: 
(а) Pn > Pasi: (6) Pn+1 >с; (с) с> Qoi; (d) 3541 > Qn; 
and we propose to do these by induction. 


Basis of induction at п = О. 


1 1 ; 
(а) Po — Pı =Po – 2 Wo * qo) 73 Po — qo) > 0, since po > qo. 


Therefore ро > pı. 
(D pi- c = Wo + 90) —c > VPogo — с = 0, by the inequality of the 


means. Therefore p, > c. 

(с) e~q, =с– c?/p, = с(1 — с/р) > 0, since 1 > c/p, by (b). 
Therefore c > 9}. 

(d) qi — qo = c?/py —c?/po = с? (po — р. Pop > О by (а). 
Therefore 9; > qo. 


Induction step : Under the assumption that for some К 20 
Pk 2py,1 C> akii > 96, 
to prove that 


Рк, 20413 POP 4,4 2 Akri 
(а) Peet 7 Pks2 Рът к + q.i) 2 = +i) 70, 
since Py, > g,,, by induction assumption. Therefore р, ,, > ру 2. 
(b) p4,, — с ETI + qq) — с > Vega, Ikai — € = 0, by the 
inequality of the means. Therefore p, ,, >с. 
(c) c—q44, =с—с°'/рк„ у, = с(1 — c/o, ,,) > O since 1 > с/у, з by (b). 
Therefore c > q,,5. 
(d) Oko — akri = € psa — C Ip i 
= с? (рк, — Pkr MP Pea > O by (a). 
Therefore 9,4; > 9,41: 
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Putting (a), (b), (c) and (d) together we obtain, by the principle of 
mathematical induction, that 

Pn > Pasi 2С2 9п+1 > Чп 
holds for all natural numbers л. z 


It follows from the above examples that for certain application of the 
principle of mathematical induction, the following formulation of the 
principle may be particularly useful. 


2.3.4. Principle of mathematical induction. Let for each n € №, P(n) bea 
statement about the natural number n. If the following two conditions are 
satisfied: 

(i) P(Q) is true; 

(ii) if P(k) is true, then P(k + 1) is true; 
then P (n) is true for every n EN. 


2.3.5. Example. Prove that for any x # 1, 


lex. ext ns 


Proof. The statement is trivially true for л = О. Suppose that it is true for 
n = К. Then 


1 — x1 
ttxt... cix etie c capri 
1—x 
1 —xK*? 
eme t 
Therefore the statement for n = К + 1 is also true. Hence it is true by 
induction for any natural number 7. z 


2.4. EXERCISE 


1. Examine each of the following sets of numbers and find out if it has a 
least element. If your answer is yes, exhibit this element. If your answer 
is no, show that given any element x of the set, you can always find 
another element y of the same set, such that y < х. 

(a) {x € R | x = sin 0 for some 0 € R}, where R denotes the set of all 
real numbers. 
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(b) {x € N|x isa prime number }. 


1 
(с) (x € RIx => for some n EN}, 


If p and q are any positive integers, prove that there exists a positive 
integer n such that np 2 q (Archimedean Property). 


2 
T 
Prove that 0? + 1? + 22 4 33 +... 403 = Е for any natural 
number n. 
t + + 
Prove that O + 1 4 3 £64... 887 Нш ү 2) tor any 
natural number n. 
0 1 2 + 

. Prove that 26 *5i +2 В zm =2— ты for any natural number n. 


Prove that 3°? + 26"*? is divisible by 17 for any natural number n. 


, Prove that (3n + 1)7” — 1 is divisible by 9 for any natural number n. 


Prove that 327 — 32n? + 24n — 1 is divisible by 512 for any natural 
number n. 


. (a) Prove that the product of any three consecutive natural numbers is 


divisible by 6. 
(b) Using (a) or otherwise, prove that the product of any four consecu- 
tive natural numbers is divisible by 24. 


If a set has n elements, where n is any natural number, prove that the set 
has 2" subsets. 


2.5. MISCELLANEOUS REMARKS 


We wish to emphasize that in a proof by induction, both conditions of 


the principle must be verified. The verification of condition (i) is called the 
basis of induction while that of condition (ii) is called the induction step. 
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The assumption (i.e. К € S or P(k) holds) under which the induction step 
is carried out is called the induction assumption. A proof by induction 
cannot be deemed to be complete if either one of the two parts is missing. 
This can be compared with the notion of a row of dominoes. If either the 
first domino is not pushed over (i.e. there is no basis for induction), or if 
some gaps between the dominoes are too large (i.e. the induction step 
fails), then the complete row of dominoes will not fall down. To illustrate 
this point, we consider the two examples below: 


2.5.1. Example. The statement 

1+3+5+...+ (20 – 1) 2n? +3 forallneNn 
is obviously false. Nevertheless we can show that it holds for n = k + 1 
under the assumption that it holds for 7 = К, This is an example in which 
the induction step would be carried through while there is no basis for 
induction. 


2.5.2. Example. The obviously absurd statement 

n=0 #огаілє № 
is true for 7 = O. Here we have a basis for induction but the induction step 
would fail. 


Finally let us go through the following example, in which a hidden 
careless mistake leads to a blatantly absurd conclusion. We denote by 
max(a, b) the larger one of the two numbers a and b (i.e. max(a, b) = a if 
aZ b апа тах(а, b) = bif a« b). 


2.5.3. Example. Go through the following very carefully to find the 
hidden mistake: 


Fake theorem. 7 = 8 


Fake proof. Consider for each natural number л the statement 
F(n): If a and b are natural numbers such that max(a, Б) = n, then a = Ё. 
We propose to 'prove' that F(n) holds for every n EN by induction. 


(i) Basis of induction. Let a and b be natural numbers such that 
тах (а, b) = 0. Then a S0 and b <0. Therefore a = О and b = 0, because а 
and b are natural numbers. Hence à = b. 
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(ii) /nduction Step. Suppose that F(K) holds for some natural number К. 
Let a and b be two natura! numbers such that max(a, b) = К + 1. Back- 
tracking one step from a and b we get max(a — 1, b — 1) =k. By the 
induction assumption that F(k) holds we obtain a — 1 = b — 1. Hence 
а = b. Therefore F(k + 1) holds. 


This completes the ‘proof’ by induction that F(n) holds for every n EN, 
Take n = 8. Then it follows from max(7, 8) = 8, and F(8) being true that 
7-8. н 


Where is the fault? It must be in the inductive 'proof' of the statement 
Fí(n)! It is not in part (i) because all arguments there are sound, so it must 
be in part (ii). In particular the fault must occur at the instance in which 
the induction assumption is applied. The induction assumption in this 
case should read: if а — 1 and b — 1 are natural numbers such that 
max(a — 1,06 — 1) = К, thena — 1 =b — 1. It is true that max(a — 1,6 — 1) 
= К, but by going back one step from the natural numbers a and b at the 
same time, а — 1 or b — 1 may not be a natural number anymore. For 
example, when a or b equals О. 

Therefore we are in no position to conclude that a — 1 = b — 1. Thus 
we see that the fault of the 'proof' is to take one step backward and out of 
the set №! 


2.6. ANOTHER VERSION OF THE PRINCIPLE OF MATHEMATICAL 
INDUCTION 


Take the infinite row of dominoes again. Let r be a natural number. 
Suppose that the dominoes are spaced out in such a way that disregarding 
the first r dominoes (i.e. the Oth, ist, 2nd, ... , and (r — 1)th), anyone of 
them will fall down if all the preceeding ones (again disregarding the Oth, 
Ist, . . . , (r = 1)th) are knocked down. If the r-th domino is pushed 
over, we expect that beginning with the r-th one, all the dominoes will fali 
down. This state of affairs can be formulated as a variant of the original 
principle of mathematical induction. Since it can be shown to be actually 
equivalent to the original principle, we prefer to call it by the same name. 


2.6.1. Principle of mathematical induction. For each n EN, let P(n) bea 
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statement about the natural number n, and г be a natural number. Suppose 
that 
(i) P(r) is true 
(il) If for any К Z г, the statements P(r), P(r + 7),...,P(k — 1), Plk} 
are all true, then P(k + 1) is true. 
Then P(n) is true for all n >r. 


The proof of this version of the principle is completely similar to the 
one given to the original version in Section 2.3. This, as well as the proof 
of equivalence of the two versions of the principle, shall be left as an 
exercise to the interested students. 

The present version of the principle differs from the original version in 
two aspects: (a) its starting point of induction is at P(r) instead of at P(0), 
(b) it has a stronger induction assumption. Because of (a), it is particularly 
useful for problems in which some of statements among Р(0), P(1), . . ., 
P(r—1) are uninteresting, or meaningless. Secondly, under a stronger 
induction assumption, it is often easier to carry out the induction step. 


2.6.2. Example. We have seen in Example 2.3.3 that given any two 
positive numbers x and y the geometric mean уху is always less than or 
equal to the arithmetic mean (x + y)/2, i.e. /xy < (x + y)/2. Here we shall 
try to obtain a generalized inequality. 


Let x1, x5, .. . be a sequence of positive numbers, we define 


1 
An == (к. +х +...+х,„) 


апа Gp = (хүхэ... Xp)" 
as the arithmetic mean and the geometric mean of the numbers хү, X2, 
. , Xn respectively. Prove that the geometric mean of any n positive 
numbers is less than or equal to the arithmetic mean of the same n positive 
numbers, i.e. Pin): G, < A, holds for n = 2, 3, . . . and for any positive 
numbers X4, X5,... 


Proof. The presence of the nth root in the expression of G, makes 
matters very complicated and awkward for us to carry out the induction 
step in a straight-forward proof by induction. In order to avoid this 
difficulty, we shall proceed in two parts. Initially we shall prove by 
induction that б, < A, holds for all the special values of n where n = 2, 4, 
8, ...,20,... , being a power of 2. Then we shall take care of all the 
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other values of n lying in between any two consecutive powers of 2. 


Part A. Бог аі п = 2, 4,..., 22,2? *1,, 
Gn S A, 
holds for any positive numbers X4, X5, X3, . ... 


Basis of induction at p = 1. Here 


б, <А,: ухх; <$ t x3] 


is just the inequality of the two means which has been seen to hold in 
Example 2.3.3. 


Induction step. Assume that Gn S A, holds for the k values of n = 2, 22, 
dn 2k and for any m = ak positive numbers х у, X5, .. <, Xm. Then 


1 
(X3 coo Xm <z (xi жур +... t Xq). 


Choosing another set of m positive numbers Xm. 1, Хт+2, . . · , Хот, We 
also have 


vm 


1 
Umi Хт+2...Х2т}) < Kms +Xm+2 +... + Xam). 


It follows from these two inequalities and the inequality of the induction 
assumption at = 2, we get 


1/2m 
(X1 X2... Xm Хт. Хт) 
zs т илт ү\/2 
= {(xi X2... Xm) (Хт+ї Xms2 ^. Хот} 
1 үт мт 
&5 (tn X2... XmY + mui Хта2 6 Хот) } 


1,1 1 
=; (x, + xà Tuch Tum Umi +Xm+2 А) 


= 251 +X t.t Xm tXm«1 +...+Х2 0). 


Thus à 
(3:96 5X2.) 2 <. (x, txa +... +Хәт) 


where 2m = 2**! , The induction proof of Part A is now complete. 


Part В. Given any natural number л, we can find two consecutive numbers 
p — 1 and p such that 20^! <n « 20, i.e. n lies between two consecutive 
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powers of 2. This means that by back-tracking one step at a time, we can 
start at 2P and reach n in less than 2°"! steps. Correspondingly beginning 
with the statement P(2*), which has been shown to be true, we shall arrive 
at the statement P(2* — 1) by back-tracking one step. Therefore in a tinite 
number of steps we shall reach the statement P(n) which we want to 
prove. Obviously all that we need to do is to prove that one step backward 
from a valid statement P(r) gives another valid statement P(r — 1). In other 
words, we have just to carry out an induction step backward, i.e. to prove 
that 


= 1 
(x, X2. kei EAR 1) Б (x, tx) t... +X) 
holds under the assumption that 
1 
(x1 X5 .. OS (xy +xX_+...+X;,) 


holds for any r positive numbers x,,X2,..., Xr. 

= 1 
Put G = (x, хз... X1) / and A = т (x, +х; +... t xj. 
Then by our assumption we get 


1 
(x 1X2 eos х,_16)!'' < a tX Tou ~tXp—4 +6), 


(GG <ir- 1A +G], 


гб < (r — 1)A +6. 
Since r > 2, we obtain G <А, i.e. 


- 1 
(ху хә... Kp 1) « xy tg +... + Xr) п 


2.7. EXERCISE 


_ п(2п — 1)2n + 1) 


1. Prove that 1? + 32 +5? +... + (20 – 1)? 3 


for any 


Natural number n 2 1. 


2. Prove that 1? +3? +5° +... + (2n — 1 = п? (2л? — 1) for any natural 
number n > 1. 


3. Prove that 1 x n + 2(n — 1) + 3n ~ 2) +... + (п —1)2 +n x1 = 
n(n + 1)(n + 2) 


6 for any natural number n > 1. 
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1 1 1 n 


+...+ — = 
Prove Шаттл TOES 3x4 | п(п +1) gam Orany 
natural number л 2 1. 
1 1 n(n +3) 
P hat — tz +... + STA LULA 
bag. ао 2х3х4 піп + 1)(0 +2) 4(n +1) (0 + 2) 
for any natural number n Z 1. 
6. Prove that 
(n + 1)(n *2)(n + 3)... (2n) = 29 x 1x 3x 5 x ...x (2n — 1) 
for any natural number n 2 1. 
1 1 1 1 ntl 
. Prove that (1 252 ) -3 ) -7 )...(1 m DT 2n for any 
natural number n 2 2. 
4 4 4 4 2n +1 
-—— —— REX as — =] = — f 
Prove that (1 12 )(1 32 )(1 gi! [1 бот?! 125 fr 


11. 


12. 


any natural number n = 1. 
Prove that 6” + 4 is divisible by 5 for any natural number n > 1. 


2^ _ (—1 yr 


. Prove that, for any natural number n 2 1, ——————- is an odd number. 


3 
Prove that 2” > n? for any natural number n > 5. 


If x > —1, prove that (1 + х)? > 1 + nx for any natural number n È 1. 
(Bernoulli's inequality) 


. If a > 0, prove that 


а? ta”? +a} 4... 


а? a”? al- 


for any natural number n Z 1. 


1 1 1 1 
. Prove LUI tA NAT us Er i for any natural number n Z 1. 


*15. 


17. 


19. 


20. 


*23. 


*24. 
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1 1 п — 1 


1 1 
Prove that 3 t3 + +... + < for any natural number 
nz2a 
. Prove that 
1.1 1 1 1 1 1 1 1 7 
сер мй ш Lim n———— 2 
1 23 4 ` 2n—1 2n п+1 п+2 n*3 2n 12 


for any natural number n Z 2. 


Prove that а? — 1 = (a — 1) (a^ 7! +a"? «377? +... +а + 1) forany 
natural number n > 1. 
(Hint: а?! —1- (а +1)(a” — 1) —a(a" ! — 1)) 


. Suppose there are n (Z 2) numbers, each of which is equal to the sum of 


the squares of two integers. Prove that the product of these n numbers is 
equal to the sum of the squares of two integers. 


There are n (Z 1) straight lines on a plane. No two lines are parallel and 
no three are concurrent. Prove that these n straight lines 


n—1 ; : : 
(a) have ee points of intersection, 
(b) divide themselves into n? line segments, 
+ 
(c) divide the plane into 1 etm regions. 


For any natural number n Z 8, prove that 
п = Зр + 59 
for some natural numbers р апа 9. 


. Letu =x + y and v = xy. For any natural number n, prove that x” + у” 


can be expressed as a polynomial in u and v. 


. Prove that n™! > (n + 1)" for any natural number n > 3. 


Prove that 2" > n? for any natural number n > 10. 


Prove that V/n «3 for any natural number n 2 4. 
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*25. Prove that (V3 + 1)?7*! — (V3 — 1)?”*! is equal to an integer which is 
divisible by 2"** for any natural number n. 


*26. If n is a natural number, prove that 
(т +5)" — (1 – V5)” 
2^ «4/5 


is also a natural number. 


*27. What is wrong with the following proof that all cars have the same 
colour? 

Proof. Let n be the number of cars. When n = 1, the statement is clearly 
true, that is, one car has the same colour, whatever colour it is. 
Assume that any group of n cars have the same colour. Now 
consider a group of (n + 1) cars. Taking any n of them, the 
induction hypothesis states that they all have the same colour, 
say red, The only issue is the colour of the remaining 'uncolour- 
ed‘ car. Consider, therefore, any other group of n of the (n + 1) 
cars that contain the uncoloured car. Again, by the induction 
hypothesis, all the cars in the new group must have the same 
colour. Then, since all of the coloured cars in this group are red, 
the uncoloured car must also be red. 


2.8. RECURSIVE FORMULAE 


We have seen in the previous sections that the principle of mathematical 
induction has provided us with the justification of establishing an infinite 
sequence of statements step by step in a precisely prescribed manner. The 
same principle can serve as a base for laying down an infinite sequence of 
definitions in a similar manner. This can be illustrated by the definition of 
factorials n! which is in fact an infinite sequence of symbols, O!, 1!, 2!, 
...,Dl,... one for each natural number n, defined by the conditions 


(a) 0121 

(b) (k * 1)!» (k * 1)(K). 
The statement (a) puts down the /nitia/ meaning of the symbol n! atn =0 
by defining 0! to be the number 1. In (b) we have a recursive formula that 
instructs us how to work out (К + 1)! on the assumption that К! is already 
defined. Thus proceeding step by step we have 
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0!-1 
11=1:0!=1 
2!=2-1!=2.1=2 
3!23-:2!-3:2-:1- 
By virtue of the principle of mathematical induction, each symbol of the 
entire sequence 0!, 1!, 2!,...,n!,...has now an unambiguous meaning. 


6 


2.8.1. Example. іп a similar way the convenient summation symbol X 
and product symbol П are defined. Let a;i, a2,...,4,,... bean infinite 
sequence of numbers. Then for any natural number л 2 1, the sum 
У" а; and the product Dn, а; are defined on the basis of the principle of 
mathematical induction by the following formulae: 


(a) Initial formulae 
1 
Sarai: [] = 
f=1 Ба 
(b) Recursive formulae 


k+i k k*1 k 
X(xeee П» (Де) 


i21 


The letter / in the expression xa à; is called the summation index 
while 1 and n are the /ower bound and the upper bound of the summation. 
The letter for the summation index may be changed without affecting the 
sum as long as the bounds remain the same. Thus 


n n 
às Ха; 
i=} 


i 
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n 
Similar notations apply to the expression BLZ 
{= 1 


2.8.2 Example. The Fibonacci numbers F(n) are defined inductively by 
(a) F(1) = А(2) = 1 
(b) F(k +1) = F(k — 1) + Fik). 


Thus the sequence of Fibonacci numbers is 
1,1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... 
each term being the sum of the preceding two terms. This sequence of 
numbers appeared first in a book entitled Liber Abaci, written in the 13th 
century by Leonardo of Pisa, who also called himself Fibonacci, being the 
son of Bonacci. 
The following problem is found in the book: 


'A man puts one pair of rabbits in a certain place entirely surrounded 
by a wall. How many pairs of rabbits can be produced from that pair 
in a year if the nature of these rabbits is such that every month each 
pair bears a new pair, which in two months becomes productive?" 


According to the text the maturing process is that a newborn pair 
.become an adolescent pair in the following month and become produc- 
tive adults another month later. Denote by Nin), Y (n), and А (л) the 
number of newborn, adolescent and adult pairs in the n-th month, and 
assuming that none of the rabbits of the colony dies, then 

Nin) = А (п) (Every adult pair give one newborn pair every month.) 

Y(n) = (п — 1) (Newborn pairs become adolescents in 1 month.) 

А(п) = A(n — 1) + Y(n — 1) (Adult rabbits do not die and adolescents 

become adults in 1 month.) 

Suppose that the origina! ancestral pair is a newborn pair, then the 
population profile of the colony is shown in the table below: 


nth Month A (n) Y (n) Nin) Total T(n) 
Ist 1 1 
2nd 1 1 
3rd 1 1 2 
4th 1 1 1 3 
5th 2 1 2 5 
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nth month Ain) y(n) Nin) Total 7 (n) 
6th 3 2 3 8 
7th 5 3 5 13 
8th 8 5 8 21 
9th 13 8 13 34 

10th 21 13 21 55 
11th 34 21 34 89 
12th 55 34 55 144 


Alternatively we may calculate T(n) from the three equations of the 
maturing process as follows: 
(а) 7(1)= А(1)+ У(1) + М1) =0+0+1=1 
Т(2) = А(2) + У(2) + №2) =0 +1 +0 = 1 
(b) п) = А(п) + У(л) + N(n) 
= 2A(n) + Yin) = 2[A(n — 1) + ¥(n — 1)] +N(n — 1) 
= Тіп – 1) + A(n — 1) + ¥(n — 1) 
Tin — 1) + [A(n — 2) + Yin — 2)] + Nn — 2) 
Tin — 1) + Tín — 2). 
Thus the population of the rabbit conlony is given by 
(a) 7(1) = 7(2) = 1 
(b) T(n) = Tin — 1) + Tín — 2) 
which are precisely the initia! and the recursive formulae of the Fibonacci 
numbers, Therefore T(n) = F(n). 


il 


2.8.3. Example. There are three kinds of bees, the drones (male), the 
queen bees (female) and the worker bees (female). They all hatch from 
eggs laid by the queen bees. While a male bee hatches from an unfertilized 
egg, a female bee hatches from a fertilized egg. Thus a drone has only one 
parent while a queen bee or a worker bee has two. Find the number of 
ancestors of a drone in the n-th generation, assuming no incest. 


Solution. Denote by M(n), Fin} апа A(n) the number of n-th generation 
male ancestors, female ancestors and all ancestors. 

Then М(1) = 0, F(1) = 1;M(2) = 1, F(2) = 1. 

Aliso Min +1) = А(п) = М(п – 1) + Fln — 1) = Aln — 1) 

and Fin + 1) Mín) + Fin) = A(n}. 
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Therefore the total number of the n-th generation ancestors of a drone 
is given by 

(а) А(1)= 1, А(2) = 

(b) Ala +1) =А (п) +Aln — 1). 
Comparing А (п) with the Fibonacci Ё (л), we see that А (п) = F(n + 1) for 
alln =1,2,3,... 


2.9. EXERCISE 
1. Prove that п! > n? for any natural number n È 4. 


2. Prove that n! > л for any natural number n 2 6. 


3 


3. Prove that X ili!) = (n + 1)! — 1 for any natural number n È 1. 


4. A sequence 81, 82,83, ..., 3n... . is defined by 
а\ = V6 
апа ane, =V6 ta, (n71,2,3,...). 


Prove that а, < an+: for any natural number n > 1. 


5. A sequence 41, аз, аз,..., аһ, ... is defined by 
аһы 78:85, +b (п = 1, 2, 3,...) 
where a and P аге constants such e» а is neither О nor 1. 


Prove that a, 7a" la, +527 (ап-1 _ 1} 
for any natural number n 2 1. 


6. A sequence 31, 82, 83,..., 85, .. . is defined by 
ау = 1 
апа ар =а а, +п+1 (п = 1, 2,3,...) 
where а is a Constant. 
(a) Find an expression for a, when а = 1. 
(b) Show that, when a # 1, a, is of the form 
Aa" +Bn+C 
where A, B and C are constants. Express A, B and C in terms of a. 
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7. Being given that а; = 1 


2n-1 
n n 

and An—1 ар 7 nian ИЕ (n = 2, 3,4,... 
п (л!) 


п P i21 
prove that a, = ul (2j — 1)^*!7' for any natural number n > 1. 
j 


(2n)! 4? 
(n? d *1 


*8. Prove that for any natural number n Z 2. 


*9. Consider the so-called Lucas sequence 


81,802,43,..., ân- 
defined by 8171, 
а, = 3 

апа а„=а„—› tay, (п = 3, 4, 5,... 


Prove that 


a a, A = 
(b) a, <(3) 


for any natural number n È 1. 


*10. A sequence ao, 41, 82, 83, ... , 8p, . . . satisfies the relation 
2í(n*2)a4,, —3naq4, + (п – 1) a, = 0 


with ag = 1 апаа, =>. 


1 
Prove that a, = = for any natural number n > 1. 


2^ 


*11. Let a and ĝ be the distinct real roots of the equation 
? _ px +q = 0, where p £ 1 and p? > 49. 


A ѕедиепсеа, аз, аз, ...,ап,. . . is defined by 
9 
a17p-— p-1 
and 
an =P – 9 (п = 2,3, 4,...). 
ап 1 


an+? — pt?) – s E pot! ) 
(a*t — p )— — f) 


Prove that a, = 


59 


60 
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(Problems 12-20 refer to Fibonacci numbers.) 


12. 


15. 


16. 


19. 


20. 


Prove that Fim + п) = Fim — 1) Fin) + Fim) Fin + 1) for any natural 
numbers m > 2 and n 2 1. 
(Hint: For an arbitrary m carry out an induction on n.) 


n 
. Prove that У, F(i)? = Fin) Fin + 1) for any natural number n 2 1. 


fd 


(Hint: Forn > 2, Fin = Fin) Fin + 1) — Fin) (о — 1).) 


n 
. Prove that 2 © F()? + Fla — 1)? — F(n)? = F(n + 1)? for any natural 


I1 


number n 2 3. 


n 

Prove that У / F(i) = (n + 1) Fln + 2) — Fin + 4) + 2 for any natural 
i-i 

number n 2 1. 


n 
Prove that 5 


2, 
ѓ= 1 


F(2i — 1) = F(2n) for any natural number n 2 1. 


n 
. Prove that У F(2i) = F(2n + 1) — 1 for any natural number n > 1. 
і= 1 


п А 
. Prove that Y. (—1)*! F() = 1 + (-1)°*! Fin — 1) for any natural number 
f=1 


п2 2. 


Prove that every positive integer can бе represented as a finite sum of 
Fibonacci numbers, none used more than once. 

(Hint: Show for n > 2, every positive integer less than F(n) is a sum of 
some of the numbers F(1), F(2),..., (п — 2), none repeated.) 


Show that the Binet formula 


eJ (38) - 4) 


holds for any natural number n Z 1. 


3. Combinatorics 


In this chapter we are interested in counting the different ways in which a 
given event can occur. There is a great variety of such counting problems 
that we encounter in every day life and in mathematics. Here we shall 
discuss a few useful methods that can be applied to such problems. 


3.1. BOXES AND BALLS 
We begin with a simple but typical problem. 


3.1.1. Problem. There are two balls, one red and one blue, and three 
boxes numbered 1, 2 and 3. Find the number of ways in which the two 
balls can be put in the boxes, if each box can hold no more than one ball. 


Solution (a) With only two balls and three boxes the problem is easy 
enough to be solved experimentally. The six different ways are (Fig. 3.1): 


Nenei L [lel L Пе! LL tef ef] 
lel lef eL [lel 1 [lel lel 


1 2 3 1 3 


| 
| 
| 
| 
| 
| 
| 


They are arranged in three groups of two placements each with the same 
box empty. a 

In view of the fact that we shall be considering similar problems with 
far more balls and boxes, as well as variations of this problem in which 
some of the balls are not distinguishable from one another or the boxes 
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have different capacities, we shall solve this problem by an alternative 
method which can be applied to more complicated situations. 


Solution (b). By an event we mean something that takes place or happens. 
Thus putting the two given balls into two of the three given boxes is an 
event, and we are interested in the number of distinct ways in which this 
event can occur. Let us denote this event by A and this number by w(A). 
We can also think of event A as a sequence of two events B and C: event B 
is to put the blue ball into one of the given boxes and event C is to put the 
red ball into one of the two boxes which remain empty after event B has 
taken place. Thus event A occurs whenever event B and event C occur 
together and vice versa. Let us count the occurrence of the events. Event B 
can occur in 3 distinct ways, and event C can occur in 2 distinct ways after 
event B has occurred. Therefore 

w(A) = w(B) w(C) = 3х 2 = 6. п 


In the very last step of the above solution (b) we have used a rather self- 
evident rule on the simultaneous occurrence of two events. Since we shall 
be making use of this rule frequently in our discussion, we formulate it as: 


3.1.2. Rule of product. /f one event can occur ín m ways and another 
event can occur in n ways, then there are m x n ways in which these two 
events can occur together. 


Using the method of solution (b), we can handle with ease any similar 
problem, with any number n Z 2 of distinct boxes: there are altogether 
n(n — 7) ways to place two distinctly coloured balls in n distinctly 
numbered boxes. 

Suppose we now have r distinguishable balls and n distinguishable boxes, 
where r < n. Then there are n ways to place the first ball in the n boxes, 
n — 1 ways to place the second ball in the л — 1 remaining empty boxes, 
n — 2 ways to place the third ball in the now n — 2 remaining empty 
boxes, and so forth. Applying the rule of product r — 1 times, we obtain: 


3.1.3. Theorem. The total number of distinct ways to put r distinguish- 
able balls in n(n 2 r) distinguishable boxes is 
n! 


n(n—1)n-2)...(n—-r* 1) = ——- 
(n — г}! 
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It is clear that with appropriate interpretation of the balls and boxes, 
Theorem 3.1.3 is adoptable to a great variety of problems of everyday life. 


3.1.4. Example. A football team of 17 members is given 19 single rooms 
in a hostel. In how many ways can the members of the team be assigned to 
their rooms? 


Solution. We can take the members of the team as balls and the rooms as 
boxes. Therefore the 17 members of the team can be accomodated in 


ways in the 19 single rooms. a 
3.1.5. Example. Three office bearers are to be selected among the 
students of Form Six, one from Form Upper Six to be the Chairman and 
two from Form Lower Six to be the Vice-Chairman and the Secretary. 
There are 21 students in the upper form and 25 students in the lower 
form. In how many ways can the office bearers be selected? 


Solution. For the selection in Form Upper Six we use the model of 21 
boxes (students) and 1 ball (position), Therefore we have 21 ways to select 
an office bearer. Similarly we have 25 x 24 ways to select two office 
bearers in Form Lower Six. By the rule of product we have 21 x 25 x 24 = 
12,600 ways of selections. ГЫ 


3.2. EXERCISE 


1. There are 10 ships plying between two towns; in how many ways cana 
man go from one town to the other and return by a different ship? 


2. Three travellers arrive at a town where there are four hotels; in how 
many ways can they take up their quarters, each at a different hotel? 


3. How many different cubes with the six faces numbered from 1 to 6 can 
be made, if the sum of the numbers on each pair of opposite faces is 7? 


4. How many different numbers of 5 digits may be formed with O, 1, 2,3, 
4, 5, 6, 7? How many of these will be even? 
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*5. |n a table-tennis tournament there are 2n participants. In the first round 
of the tournament each participant plays just once, so there are ? games 
each occupying a pair of players. Find the number of different ways of 
arranging the pairing for the first round. 


3.3. REMARKS 


We have seen that in examining the occurrence of a complicated event, 
we first identify a number of events which are components that make up 
the given event, and then we apply the rule of product to get the required 
number. Obviously a selection of wrong events will lead to false results 
and care must be taken to make sure that when fitted together the selected 
components produce the given event. To illustrate our point, we take a 
second look at solution (b) to Problem 3.1.1. The event under considera- 
tion is 

Event A: to put a blue ball and a red ball in boxes 1, 2, 3, no box 

holding more than one ball. 
As components of Event A we have identified 
Event B: to put the blue ball into one of the 3 boxes. 
Event C: to put the red ball into one of the 2 remaining empty boxes 
(after the occurrence of Event B). 
Events B and C together make up Event A because they take place 
together whenever Event A occurs and vice versa. We may also consider 
other components. 

Event D: to put the red ball into one of the 3 boxes 

Event E: to put the blue ball into one of the 2 remaining empty boxes 

(after the occurrence of Event D). 
Similarly Events D and E together produce Event A and hence w(A) = 
w(D)w(E) = 3 x 2 = 6. On the other hand the components B and D 
together will not produce Event А because of the requirement that no box 
should hold 2 balls. 


3.4. PERMUTATIONS 


3.4.1. Problem. There are n distinguishable balls and r distinguishable 
boxes where n > r. In how many ways can the boxes be filled by one ball 
each? 
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Solution. Clearly it makes no difference whether we fill all the boxes at 
the same time or we fill them one after another. Therefore, we view the 
event of filling the boxes simultaneously as composed of a series of 
component events. There are n ways to fill the first box, n — 1 ways to fill 
the second box (because one ball is already put in the first box and only 
n — 1 balls are left), n — 2 ways to fill the third box and so forth. 
Applying the rule of product we obtain 

n(n — 1) n —2)...(n—r* 1) = —— 
(n—r) 
as the number of distinct ways to fill the boxes as prescribed by the 
problem. m 


The above problem can be interpreted as the classical problem of 
arranging n distinct objects (e.g. letters A, В, .. .) taken г of them at a time, 
by thinking the balls as objects and the boxes as positions in the line. It is 
customary to call each such arrangement a permutation of n objects taken 
г at a time. For example, with n = 3 and г = 2, we have the six permuta- 
tions 

AB, AC, BA, BC, CA, CB 
of the 3 objects А, B, C, taken 2 at a time. It is also customary to write 
Pin, г) = nin—1)n—2)... n-ren c 


where n >r. Thus we have proved 


3.4.2 Theorem. 7here are 

Pin, r)=n(n—1)\(n – 2)... (п —r +1) 
permutations of n distinct objects taken r at a time, r being no greater than 
n. 


3.4.3. Example. (a) Find the number of integers between 100 and 500 
which are formed by the six digits 0, 2, 3, 4, 5, 6, no digit being used more 
than once. (b) How many of these integers are even? 


Solution. (a) All the integers in question have 3 digital places. Therefore 
we may use the model of 3 boxes (digital places) and 6 balls (digits) with 
some slight modification. Because of the restriction on the range of the 
integers, only the digits 2, 3, 4 can be used for the hundredth digital place. 
Therefore we have 3 possibilities to fill the first box, then 5 for the second 
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and then 4 for the last. By the rule of product, the number of integers in 
question is 3x 5 x 4 = 60. 

(b) To find the number of even integers, further modification to the 
model of boxes and balls has to be made. Now only the digits O, 2, 4, 6 
may be used for the unit digital place. In conjunction with the restriction 
to 2, 3, 4 for the hundredth digital place, we should distinguish two types 
of even integers within the range, type (i) being even integers with the digit 
3 at the hundredth digital place, and type (ii) those with digit 2 or 4 at the 
hundredth digitial place. Let us count those of type (i). For the first box 
there is only 1 possibility (the digit 3). For the third box we have 4 
possibilies (the digits O, 2, 4 or 6) and the second box also 4 (the remain- 
der of all six given digits). Therefore we have 1 x 4 x 4 even integers of 
type (i). For those of type (ii) there are 2 choices (the digits 2 or 4) for the 
first box, З choices (the unused ones among 0, 2, 4, 6) for the third box 
and 4 choices (the remainder among all six given digits) for the second 
box. Therefore we have 2 x 4 x 3 = 24 even integers of type (ii). Since 
each even integers in question is either of type (i) or of type (ii), the total 
number of such integers is 

16 + 24 = 40. и 

In the very last step, we have made use of one instance ої the following 

general rule. 


3.4.4. Rule of sum. /f one event can occur m ways and another event can 
occur n ways, then there are m + n ways in which exactly one of these two 
events can occur. 


3.4.5. Example. There are 22 different books, 5 on mathematics 7 on 
literature and 10 on natural science. The winner of a competition can 
select any two books of different subjects. After the winner has made his 
selection, the runner-up can choose any two books of different subjects 
from the remainder. In how many ways can the winner make his selection? 
Does the runner-up has just one choice less than the winner if the winner 
has selected one mathematics and one science book? 


Solution. There are three subject combinations, Math.-Lit., Math.-Sci. and 
Lit.-Sci. The choices of the winner in each combination are as follows: 
Math.-Lit.: 5x 7 = 35 
Math.-Sci.: 5 x 10 = 50 
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Lit.-Sci.: 7x 10 = 70 


Ву the rule of sum, the winner has 35 + 50 + 70 = 155 ways to make his 
selection. 


For the runner-up, there are 4 mathematics books, 7 literature books 


апа 9 science books left. Therefore the number of choices is4 x 7 * 4x 9 
+7 х 9 = 127. In fact the runner-up has 28 choices less than the winner! № 


3.5. EXERCISE 


Four persons enter a car in which there are six seats. In how many ways 
can they take their places? 


There are nine different books on a shelf; four are red and five are green. 
In how many ways is it possible to arrange all the books on the shelf, if 
the colours must alternate? 


There are two works each of three volumes, and two works each of two 
volumes. іп how many ways can the ten books be placed on a shelf, so 
that volumes of the same work are not separated? 


Calculate the number of arrangements, in which three men and two 
women can seat themselves in a railway carriage, designed to seat four on 
each side, if two of the four corner seats are to be occupied by women. 


Find the number of ways of arranging n people in a straight row, if two 
particular people must always be separated. 


Given an arrangement in a line of n people, find in how many ways they 
may be rearranged, if neither of the two assigned people is to occupy 
their original places. 


It is required to arrange л people in a row so that three particular people 
do not all come together. Find the number of different arrangements. 


3.6. PERMUTATIONS IN WHICH REPETITIONS ARE ALLOWED 


Natural numbers less than 1000 càn be regarded as permutations of the 
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10 digits 0, 1, 2,..., 9 taken З at a time, where each digit may appear 
repeatedly. For example, the number 010 is a permutation of the digits O 
and 1 where O appears twice, and in 222 the digit 2 appears thrice. There 
are 10? such numbers; therefore we have also 10? permutations. This 
suggests a variation of the boxes and balls problem as follows. 


3.6.1. Problem. There are n distinguishable kinds of balls with an 
unlimited supply of each kind. There are r distinguishable boxes. In how 
many ways can we put one ball in each box. 


Solution. We take one box at a time. In the first box we can put a ball 
of any given kind. Therefore there are n possibilities for the first box. 
Since there is further supply of the kind that has been used, there 
are still n possibilities for the second box and so also for all other boxes. 
By the rule of product we can do this in nx n x ...xn =n distinct ways. 
Therefore we have n’ ways to put one ball in each of the r distinguishable 
boxes if there are n different kinds of balls with an unlimited supply of 
each kind. [| 


Putting it in the customary language, we have the following theorem. 


3.6.2. Theorem. There are п” permutations of n distinct objects taken r 
at a time, in which the objects may appear any number of times. 


3.0.3. Example. Consider all permutations of the letters A, B, C, D, E, 
taken 5 at a time with repetitions allowed. if they were written down in 
lexicographic order, at what place would you find the permutation 
DBCAC? 


Solution. A permutation which precedes DBCAC must be exactly one of 

the following types: 

(i) permutations where the first letter is either A, B or C (A 
Bin ONC) 

lil) permutations where the first letter is D and the second letter is A 
(DA _ _ _) 

(iii) permutations where the first two letters are written DB and the third 
letter is either A or В (DBA _ _ or DBB _ _) 

(iv) permutations where the first four letters are written DBCA and the 
fifth letter is either A or B (DBCAA or DBCAB) 


—— — —; 
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Therefore the numbers of these kinds of permutations are respectively 
3x5*, 53, 2x5?, and2. 

By the rule of sum, there are 3 x 5* + 5? + 2 x Б? + 2 = 2,052 permuta- 

tions preceding DBCAC in the list. Hence DBCAC is at the 2,053rd place 

in the list. и 


3.6.4. Example. Given а set X of n elements. How many subsets of X are 
there? 


Solution. Each subset of X is a selection of elements of X; different 
selections give rise to different subsets. We propose to count all such 
selections. The elements of X are thought as boxes, so we have n distinct 
boxes. Take two kinds of balls, one kind labelled with the letter S 
(selected) the other kind with R (reiected). Take an unlimited supply 
(actually n pieces would be sufficient) of each kind. Then we put one ball 
in each box. Take all those elements of X corresponding to boxes with an 
S bal! to form a subset of X. In this way the number of subsets of X is the 
same as the number of different placements. With n boxes and 2 kinds of 
balls the number is 2”. Therefore there are 2” subsets of X. п 


3.7. EXERCISE 


1. On three different days, a woman has to drive to a railway station in one 
of her five different cars. In how many ways can she make the three 
journeys? 


2. In how many ways can five different prizes be given to four girls, when 
each girl is eligible for all the prizes? 


3. (a) How many integers between 100 and 999 inclusive have distinct 
digits? 
(b) Of the integers with distinct digits in (a), how many are odd 
numbers? 


4. How many positive integers are there having four digits, each digit being 
1, 2, 3 or 4? How many of them have two or more equal digits? 
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Find the number of permutations of n different objects taken from 1 tor 
times when any of the objects may appear repeatedly. 


Show that the number of permutations of n different things taken r at a 
time, when repetitions are allowed, but no consecutive repetitions is 
nin — 1). 


Find the sum of all the numbers of not more than 3 digits that can be 
formed with the digits 3, 2 and 1. 


Let A = {x € N: 1x <n} wheren is a positive integer and № is the set 
of all natural numbers. 

(a) How many subsets of A contain at least one even integer? 

(b) How many subsets of A contain exactly one even integer? 

(Hint: consider separately the cases when n is even, and when n is odd.) 


3.8. PERMUTATIONS OF OBJECTS SOME OF WHICH ARE ALIKE 


A, 


Take four pieces from a game of scrable; two pieces bear the same letter 
one B and one C. There are twelve possible arrangements of these 


pieces, When listed in lexicographic order, they are: 


ААВС ААСВ АВАС ABCA ACAB АСВА 
ВААС ВАСА ВСАА СААВ САВА СВАА 


Compared with the 24 possible arrangements of four different objects, the 
reduction in the number of arrangements by a factor of 2 must be due to 
the fact that 2 of the given pieces are alike and indistinguishable. This 
reduction factor can be explained and accounted for by the following 
experiment. Label the two like pieces with the numbers 1 and 2. Arrange 
these four now distinguishable pieces in 4! = 24 ways. Group these 24 
permutations in pairs in which the pieces B and C have identical positions, 
for example, 


А,ВА»„»С апа А,ВА; С 
CA, A,B and CASA, B 


After taking off the numbered labels, the two arrangements in each pair 
become the same permutation on the original lexicographic list. For 
example, A,BA;C and А, ВА, С will be the permutation АВАС on the list 
while CA, А В and CA; A,B yield the permutation CAAB. Therefore the 


24 


permutations of the 4 distinguishable pieces yield 12 permutations of 
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the original pieces — a reduction by a factor of 2 which is the number of 
permutations of the 2 pieces with labeis. 


Using such argument we can solve another variation of the boxes and 
balls problem. 


3.8.1. Problem. There are n balls, p, of them are of one kind, p; of them 
аге of a second kind, . . . , and p, of them are of a t-th kind. Any two balls 
of the same kind cannot be distinguished from each other while two balls 
of different kinds are distinguishable. In how many ways can we place the 
balls in n distinct boxes, no box to contain more than one ball? 


Solution. Label the balls of the same kind with numbers 1, 2, 3, .. . After 
labelling all ? kinds we have n distinguishable balls. We then have л! 
different ways of placing these balls in the boxes, each placement 
corresponding to a permutation of the n different balls. Arrange these л! 
permutations into groups in such a way that any two permutations in the 
same group differ from each other only by the positions of balls of the 
first kind. Then each group will have exactly р; ! permutations since we 
can permute the р; now distinguishable balls of the first kind in pı! 
different ways. After removing the labels on all the balls of the first kind, 
the p,! permutations of each group will become indistinguishable. 
Therefore after the first removal the number of permutations is reduced 
by a factor of p, !. Rearrange these n!/p,! permutations in groups in such 
a way that any two permutations in the same group differ from each other 
only by the positions of balls of the second kind. Then each group will 
have exactly p2! permutations which will become indistinguishable after 
the labels on all the balls of the second kind are taken off. Thus we have a 
further reduction by a factor of р,! in the number of permutations. Of 
the nl/p,!p,! diffeent permutations that are left, we proceed with the 
removal of labels on one kind of balls after another. This will result in 
further reductions on the number of permutations by factors of p3!, p4!, 

. p,l. At the end when all the labels are taken off and the balls returned 
to their original forms, we find that there are exactly 


n! 
pilpil ... pi! 
different permutations of the original balls, each permutation corresponds 
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to one placement. Therefore we have 
n! 
pilpal...p,l 
different ways to put the n given balls into n boxes. а 


Putting this result in the language of combinatorics we have: 


3.8.2. Theorem. 7he number of ways to arrange n objects, where p, of 
them are of one kind, p; of them are of a second Кіпа, . . . , and p, of 
them are of a t-th kind (n7 py * p3 +... +р,), is 


ni 
Pı! p3! .. . pl 


3.8.3. Example. |n how many ways can the letters of the word ‘tattoo’ 
be arranged? How many of these arrangements are there in which (i) the 
two o's come together, (ii) the three t's come together, (iii) the two o's 
come together and the three t's come together, (iv) two t's come together 
but the third t is separated from them, (v) the three t's are all separated 
from each other, (vi) the three t's are all separated from each other but the 
two o's come together, (vii) the three t's are all separated from each other 
and the two o's are separated from each other? 


Solution. The number of arrangements of the letters of 'tattoo' subject to 
no restriction is 
61/(31 21) = 60. 
(i) The two o's coming together may be treated as one letter (оо). The 
number arrangements in which the two o's come together is 
51/3! = 20. 
(ii) Similarly the number of arrangements in which the three t's come 
together is 
4!/2! = 12. 
(iii) The number of arrangements in which the t's come together and 
the o's come together is 
3!- 6. 
(iv) Treating two t's together as a new letter (tt), the number of 
arrangements in which two t's come together is 
51/2! = 60. 
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Among these we have all arrangements in which all three t's come together. 
However these arrangements are all counted twice since the two bracketed 
versions t(tt) and (tt)t become the same ttt when the brackets are removed. 
Therefore the number of arrangements in which two t's come together 
while the third t is separated from them is 

60—2x 12 = 36. 

(v) The number of arrangements in which all t's are separated from 
each other is the total number of arrangements less those of (ii) and (iv). It 
is 

60—12—36- 12. 

(vi) Applying the method used above to 'tatt(oo)' instead of to 
‘tattoo’, we obtain the number of arrangements in which all t's are 
separated but the two o's come together: 

(51/31) - 31 — (41 2х 31) = 20— 6 — 12 = 2. 
These are obviously the arrangements 'tatoot' and ‘tootat’. 

(vii) The number of arrangements in which all t's are separated and all 
O's are separated can be obtained from the results of (v) and (vi), being 
12 —2- 10. a 


3.8.4. Example. At an international airport, there аге m counters for 
immigration control. Find the number of all possible schedules for n 


passengers to go through the counters, with each passenger going through 
one counter once. 


Discussion. |f m = 1 and n = 10, then the 10 passengers can line up in 10! 
ways to go through the single counter one by one. Hence with 1 counter 
there are 10! schedules for 10 passengers. On the other hand if m = 10 and 
n = 1, then the single passenger can go through any one of the ten counters 
that he likes. Hence with 10 counters there are 10 different schedules for 1 
passenger. The matter is more complicated when both numbers m and n 
are greater than 1. Take, for example, m = 3 and n = 5, where the five 
passengers are A, B, C, D and E. Let us devise a code for every schedule. 
For instance, if passengers C and D go through the first counter with D 
following C, passengers A and E go through the second counter with E 
following A, and passenger B goes through the third counter, then we use 
the code 
CD!AEIB 

which is a permutation of the five letters and the two indistinguishable 


74 Fundamental Concepts of Mathematics 


separation strokes. Other schedules are similarly coded. Conversely, every 
such code yields a schedule, for example, the code 
T BCAED | 

means that no passenger goes through the first counter, all five passengers 
go through the second counter in the order of B, C, A, E, D and no 
passenger goes through the third counter. Therefore the number of 
schedules is the same as the number of such codes which is the number of 
permutations of 7 objects, two of which are alike. There are 71/2! = 2,520 
different schedules for 5 passengers with 3 counters. We are now ready to 
solve the problem of Example 3.8.4. 


Solution. Denote the passengers by capital letters А, B, . . . . With m 
counters we need m — 1 separation strokes |. Every schedule is now 
represented by a code which is a permutation of the n different letters 
together with the m — 1 separation strokes. The separation strokes divide 
the п letters or the code into m segments. The r-th segment is then the 
list of the passengers to go through the r-th counter, in the order of their 
appearance in the list. It may, of course, happen that some segment 
contains no letter at all, in which case no passenger is to go through the 
corresponding counter. The number of al! possible codes is 

(m *n—1) 

(m — 1)! 

which is the number of permutations of m + n — 1 objects (i.e. n passen- 
gers and m — 1 separation strokes) in which m — 1 of them are alike. 
Therefore the total number of schedules is (m +n — 1)(m +n — 2)... 
(m). " 


2(mtn—1)!m*n—2)...lm) 


3.9. CIRCULAR PERMUTATIONS 


The method of putting on and taking off labels on like objects can be 
used effectively to solve a new type of problem. 


3.9.1. Example. Іп how many ways can we paint the four seats on a 
merry-go-round with 4 different colours, with no two seats having the 


same colour. 


Solution. Let us denote the 4 colours by A, B, C, D and put numbered 
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labels 1, 2, 3, 4 clockwise on the positions of the seats of the merry-go- 
round. There are 4! ways of assigning the letters to the numbers. These can 
be divided into groups of four each, so that the four different assignments 
in the same group will become indistinguishable after the removal of the 
numbered labels. Take one such group, for instance, with the four 
assignments (Fig. 3.2): 


Ф Ө, © Q 

A A A A 
(De De De 

D D D D 

Э Ө, © © 


Fig. 3.2 


After the removal of the labels, they all become (Fig. 3.3) 


Fig. 3.3 


which are just the same way of painting the seats. Therefore the reduction 
factor is 4 which is the number of turns of the positions to make one 
complete revolution. The total number of ways to paint the seats is 4!/4 = 
3!= (4 — 1)! " 

Similarly with n positions regularly distributed on the circumference of 
a circle and labelled clockwisely 1, 2, . . . , n. Turning the circle from 
position 1 to position 2, 2 to 3, 3to4,...,n— 1 ton and n to 1, it 
would take us n such turns to come back to the original position of the 
circle. If we follow the customary language and call an arrangement of 
objects on a circle a circular permutation, then we expect that there are 
(n — 1)! circular permutations of n distinct objects. 


3.9.2. Theorem. There are (n — 1)! circular permutations of n distinct 
objects. 
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Proof. We propose to prove the theorem by induction. For л = 1 the 
theorem is obviously true. Suppose that the theorem is true for л =r. 
Given r + 1 distinct objects, we can arrange r of them on a circle іп (7 — 1)! 
different ways. With each of these (r — 1)! arrangements there are r 
different positions for the (r * 1)-th object, being positions between every 
two neighbouring objects of the given arrangement. By the rule of product 
there arer -(r — 1)! = r! = ((r + 1) — 1)! ways of arranging r + 1 objects on 
a circle. By the principle of induction, the theorem holds for all natural 
numbers7=1,2,3,.... " 


3.10. EXERCISE 


1. Consider a three-dimensional steel framework; how many different paths 
of length nine units are there, from one intersecting point in the frame- 
work to another, which is located two units to the right, three units 
back, and four units up? 


2. (a) How many permutations are there of the nine letters, A, A, A, B, B, 
B, C, C, C, taken all at a time, subject to the restriction that no two 
A's are adjacent? 
(b) What wouid be the answer to (a) if an additional restriction were 
imposed, namely that no two B's are adjacent? 
What would be the answer to (b) if yet another restriction were 
imposed, namely that no two C's are adjacent? 


3. If m > n — 2, find the number of ways in which m positive and n 
negative signs can be placed in a row that no two negative signs are 
together. 


4. (a) Inhow many ways can four ladies and four men be seated at a round 
table, if no two men are to be in adjacent seats? 
(b) Suppose the persons in (a) are four married couples. What would be 
the answer to the question if no husband and wife, as well as no two 
men, are to be in adjacent seats? 


5. Іп how many ways can four ladies and four men sit at a round table so 
that each lady sits between two men? 
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6. In how many ways can seven beads of different colours be strung 
together to make a necklace? 


7. How many differently coloured blocks of a fixed cubical shape can be 
made, if six colours are available, and a block is to have a different colour 
on each of its six faces? 


8. In how many ways is it possible to seat eight persons at a round table, if 
certain two of the eight persons must not sit in adjacent seats? 


3.11. COMBINATIONS 


We have seen in Section 3.8 that there аге n'/rl(n — г)! ways of putting 
n balls, r of which are of one kind and (n — r) of which are of another 
kind, in n different boxes. There are the same number of ways of putting r 
indistinguishable balls in n boxes with r & n, no box holding more than 
one ball. This result can be used for solving the classical! problem of 
selecting r objects among n given objects. Similar to the solution of finding 
the number of subsets of a given finite set (see Example 2.5.2), we can 
interpret the n boxes as the n different objects. Then each placement of 
the r indistinguishable balls yields a selection of r objects (boxes contain- 
ing a ball). Conversely every selection of r objects determines one 
placement of the r balls in the same manner. Therefore we have 
п\/г\(п — r}! selections of r objects among n given objects. Each such 
selection is called a combination of n objects taken r at a time. The 
number n!/r!(n — г)! is denoted by C(n, г). Thus we have proved the 
following: 


3.11.1. Theorem. The number of combinations of n distinct objects 
taken r at a time is 


n! 
Сп, г\= riin—r) 


3.11.2. Example. Three numbers are chosen among the integers 1, 2, 3, 
. . ., 300. How many triplets of these integers can be selected such that 
their sum is a multiple of 3? 
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Solution. The 300 integers from 1 to 300 can be divided into three sets 
consisting of integers which upon division by 3 give a remainder 1, 2, or O 
respectively. The three sets are: 
А = {1, 4,7, 10,..., 298} 
В = {2, 5, 8, 11,..., 299} 
С = {3, 6, 9, 12, ...,300} 
A triplet of three integers whose sum is divisible by 3 must be either of the 
following four types: 
(i) All three integers belong to A; 
(ii) All three intgers belong to В; 
(iii) All three integers belong to C; 
(iv) One integer from each of the sets A, B and C. 
The numbers of triplets of these four types are C(100, 3), C(100, 3), 
C(100, 3) and 100? respectively. Therefore by the rule of sum the number 
of all such triplets is 
C(100, 3) + C(100, 3) + C(100, 3) + 100? = 1,485,100. п 


3.12. EXERCISE 


1. In how many ways can a group of 5 men be chosen from a squad of 9 so 
that two particular men will always appear? 


2. How many distinct sums can be formed by adding 
(i) 3, 
(ii) 6 
of the numbers 1, 2, 4, 8, 16, 32, 64, 128, 256? 


3. From 12 books, in how many ways can a selection of Б be made, 
(1) when one specified book is always included, 
(1) when one specified book is always excluded? 


4. How many committees of 9 members can be chosen from 8 women and 
6 men 
(1) without restriction, 
(ii) with exactly 1 man, 
(iii) with at least 3 men? 


10. 


11. 


12. 


Combinatorics 79 


From the 26 letters of alphabet, how many different groups of 3 letters 
are there such that no two of the three are consecutive letters of the 
alphabet? 


. In how many ways is it possible to separate mn different objects into n 


batches with m objects in each batch? 


. Find the number of ways in which a committee of 4 can be chosen from 


6 girls and 6 boys 

(a) if it must contain 2 girls and 2 boys, 

(b) if it must contain at least 1 girl and 1 boy, 

(c) if either the oldest boy or the oldest girl must be included, but not 
both. 


. A, B, C, D, E, F, G, H are 8 points on a plane. B, C, D are collinear but 


no other 3 points are collinear; £, F, G, H are concylic but no other 4 
points are concylic. How many straight lines and how many circles are 
determined by the 8 points? 


. A, B, C, D, E are 5 points in space, of which no 3 are collinear and no 4 


are coplanar. Find 

(a) the number of straight lines which join the points in pairs; 

(b) the number of planes containing 3 of the points; 

(c) the number of straight lines formed by the intersection of these 
planes; 

(d) the number of these planes in which any one of the given points lies. 


A boat is to be manned by eight men, of whom two can only row on one 
side and one can only row on the other side; in how many ways can the 
crew be arranged? 


In how many ways can four English and one French book be placed on a 
shelf, so that the French book is always in the middle, the selection being 
made from seven English and three French books? 


Four medical tests A, B, C and D are carried out within fourteen days on 
a patient. A must precede B and B must precede C and D. On the days 
when A or B is carried out the patient must not undergo any other test, 
but C and D can be carried out on the same day or on different days in 
any order. In how many ways can the days for the tests be chosen? 
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13. 


15. 


*18. 


*19. 


*20. 


*21. 
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A rectangle is divided by m lines parallel to one pair of opposite sides and 
n lines parallel! to the other. How many rectangles are there in the figure 
obtained? 


. How many integers are of the form 


414243 ...d, 1d, dj, 1... 43420, 
where 0 <a, <a, <а; X... Lan- Xa, «9 and n 2 2? 


(In words: The numbers are symmetrical, having more than one digit, but 
none of the digits are zero and the digits are strictly increasing towards the 
centre. Examples: 353, 12721, 246898642) 


Prove that the number of ways of dividing a + b +c different objects into 
(a*tb*cl)! 


EXE 


three groups containing a, b and c objects respectively is 


three numbers a, b and c being distinct, 


. Find the coefficient of the term in x’ y5 z^ ^ 5 in the expansion of 


(x +y +2)",  wheren is a positive integer. 


. A polyhedron has n faces (no two of which are congruent). Of these 


faces, а should be printed white, 6 yellow, and c green; we suppose that 
atb*c-n. |n how many different ways can this be done? 


If n different objects are placed round a ring, prove that the number of 
ways of selecting three of them, so that no selection contains two 


adjacent objects, st (п — 4Mn — 5). 


If there are n things of which four are alike and the rest are all different, 
find the number of combinations of these things taken n — 3 at a time. 


A number, n, of points in a plane are joined in all possible ways by 
straight lines, produced in both directions; no two of the lines are 
coincident or parallel, and no three pass through the same point. Prove 
that the number of points of intersection, exclusive of the n original 


points, is пп — 1Mn — 2)(n — 3). 


A man has a large supply of wooden regular tetrahedra, all of the same 
size. If he paints each triangular face in one of four colours, how many 
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differently-painted tetrahedra can be made, allowing all possible 
combinations of colours? 

(Say that two blocks are different if they cannot be put into matching 
positions with identical colours on corresponding faces.) 


3.13. COMBINATIONS WITH REPETITIONS 
Consider yet another variation of the boxes and balls. 


3.13.1. Problem. Let r and n be any two positive integers. There are r 
indistinguishable balls of the same colour, and л distinct boxes. In how 
many ways can we place the г balls in the л boxes if each box may hold 
as many balls as we wish? 


Solution. Using О to denote a ball and 1 to denote a partition between 
boxes when the boxes are placed one next to the other. Every placement is 
then represented by a code, which is a sequence of Q’s and 1's, with O 
appearing r times and 1 appearing n — 1 times. The (n — 1) 1's of the 
sequence divide the sequence into n segments of O's, the number of O's in 
the p-th segment being the numbers of balls in the p-th box. For example 
the sequence 


1001101... 10000 


is the code of the placement in which no ball is put in the first box, 2 balls 
in the second box, none in the third, one in the fourth, ..., and four in 
the n-th box. Conversely each sequence of г O's and (n — 1) 1's determines 
a placement of r balls in n boxes in this manner. Therefore the number 
of placements is the same as the number of such sequences. On the 
other hand each sequence is a permutation of n * r — 1 objects, r of which 
are of one kind (the O's) and n — 1 of which are of another kind (the 1's). 
Therefore the number of placements is 


(n+r— 1)! 


тет 007 +717 Ы 


Interpreting the n distinct boxes as n distinct kinds of objects and the 
number of balls in a box as the number of times in which the correspond- 
ing kinds of object is selected, we have the following classical results. 
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3.13.2. Theorem. There are C(n + г — 1, г) combinations of n kinds of 
objects taken г objects at a time. 


A sequence of p digits of O's and q digits of 1's is called a binary 
sequence of type (p, 9). The total number of digits is p + g which is also 
called the /ength of the sequence. From the solution of Problem 3.13.1 we 
have the following results which are rather useful in their applications. 


3.13.3. Example. There аге Cip +q, p) = Сір +q, q) binary sequences of 
the type (р, q). 


3.13.4. Example. Suppose that Fig. 3.4 is the map of a city with p + 1 
streets in the east-west direction and q + 1 streets in the north-south 
direction. 


How many different routes can a postman take from point A to point B 
taking the shortest distance? 


Solution. Representing every east-west section between streets by 1 and 
every north-south section between streets by О, the number of routes is 


the same as the number of binary sequences of type (p, q} which is 
Ср * q, p). 


3.13.5. Example. Let S be the set of all ordered triples (x1, x5, хз) of 


Combinatorics 83 


integers such that 1 < x; < 19, i = 1, 2, 3. Let 7 be the subset of S 
consisting of all triples such that x, +x, + x3 = 21. Let U be the subset of 
T consisting of all triples such that x; < Xj + Xy where ijk is any permuta- 
tion of 1, 2, 3. Find the number of elements of the sets S, 7 and U. 


Solution. (a) The set S. There are 19 possibilities (the numbers 1, 2,..., 
19) for each coordinate of triples of S. Therefore S has 19? = 6,859 
elements. 

(b) The set 7. Taking boxes to be coordinates and the number of ball 
in each box as the value of the corresponding coordinate, we see that the 
number of elements of 7 is the same as the number of different ways to 
put 21 balls of the same kind in 3 different boxes, each box holding one or 
more balls. After putting one ball in each box, we can distribute the 
remaining 18 balls in any way we wish. Therefore we have C(3 + 18 — 1, 
18) = C(20, 18) = 190 placements. Hence the number of elements of 7 is 
190. 

(c) The set U. Consider the complement V of U in 7. V consists of 
three different types of elements 

(i (xy, X2, X3) € T such that x; Z x5 * x5 

(1) (x1, X2, X3) € T such that x4 2 x, +x; 

(iii) (x1, X2, x3) € T such that x4 Z x, * x5. 

Let us count the elements of type (i). It follows from x, +x, +x; = 21 
and x; 2 х. + хз that x; 2 11. Using the same model as in (b) with the 
further restriction that the first box should hold no less than 11 balls, we 
find that there are C(3 + 8 — 1, 8) = C(10, 8) = 45 elements of type (i). 
Similarly there are 45 elements each of types (ii) and (111). V has 135 
elements. Hence U has 190 — 135 = 55 elements. a 


3.14. EXERCISE 


1. Find the total number of different combinations containing 1, 2, 3,..., 
n things which can be chosen from n different things. 


2. How many factors does the number 3° x 5° x 7* have, including 1 and 
the number itself? 
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3. Ten identical coins are to be distributed among five people. Find the 
number of ways of distribution so that at least one person gets nothing. 


4. How many unlike terms are there in the expansion of (x + y +z)*? 


5. Show that the number of combinations, taking n — 2 at a time from n 
І п? – 5л + 8 
things, of which three аге alike and the rest different, LEER EE 
"6. If n isa positive integer, show that the number of distinct ways in which 
four positive integers, of which two and only two are equal, can be 
chosen to have a sum 12n + 1, is n(18n — 7). 


*7. Given n, things of one kind, п, of a second, n, of a third and n4 of a 
fourth, show that, if n, <r < n; < n3 X па, the number of groups 
having r things is 


er * nte 2) +3) = (к= п-п *1)(r—n, * 2). 


*8. Consider the positive integers with five digits, namely, the integers from 
10000 to 99999 inclusive. They are separated into sets. Two integers 
are put into the same set if their digits are the same. For example, 81332 
and 31328 are in the same set while 81332 and 82132 are in different 
sets, How many sets are there? 


3.15. BINOMIAL THEOREM 
The number 


ni | ní(n—1)...(ín-r*1) 
(в =) Ri M 
of combinations of n distinct objects taken r at a time is also commonly 
known as a binomial coefficient and is denoted by the more convenient 


n 
symbol е ) Р 


Thus 


Cin, г) = 


п dime Wes m Я) 
i 12. 
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They are so named because their appearance as the coefficients in the 
expansion of the binomial (a + Б)”: 

(а+Ь)! =a+b 

(a+b)? =a? + 2ab + p? 


{а + Б)? =a? + 32? b + Зар? + Б? 


Qe «(Des jen «(e 


la + bY* = a^ + 4a) b + ба? b? + dab? + p^ 


Qe «Qe Qoo (Qu (Qv 


In general we have 


(а +b =a" + (De tes (5) ат 2з et (Mam tt 


( п \ авт! +o” 
n—1 

To prove the last identity we regard (a + Б)” = (a +b} (a+b)... (а + Б) аѕ 
the product of n factors each of which is the binomial a + 6. Every term in 
the total expansion of this product is itself a product of n factors each of 
which is either a or b. Therefore it is a sequence of a's and b's of length n. 
The total number of such terms and hence also of such sequences is n?. 
Because of the commutative law of multiplication some of these terms are 
equal; in fact two terms are equal if and only if they have the same number 
of a factors and the same number of b factors. Thus the total number of 
terms which are equal to a^ 7 b is the same as the number of sequences of 
(n — г) a's and r b's. Therefore after collecting like terms among the л? 


terms of the expansion, the coefficient of a" "5 is Cin, r} = " . We 
r 
have therefore proved 


3.15.1. Theorem. The binomial theorem 
n 


(а + Б)" = У (7) ап" y 


r=0 


We list a number of useful identities of binomial coefficients in the 
following theorem: 


3.15.2. Theorem. The following identities hold: 
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n-—1 п—1 
- ( ) «( ) (Pascal's rule) 

r г 1 

n+r+1\  f/n*r n+r—1 п+1 п 
о ( r yeu eor ea E] 


© (72-0 «(6*9 CO) 
e (Que 
в (P) «2 (D) «cen (2) x7 


The proof of these identities are left as an exercise. The identity (b), 


known as Pascal's rule, is illustrated by the so called Pasca/'s triangle 
below. 


This configuration of numbers is named after the French philosopher, 
Blaise Pascal (1623 — 1662), but is also known to a number of mathema- 
ticians before his time, for example, the Arab Al-Kashi (15th century) and 


the Chinese ЖЕ (14th century) # # (13th century) and E. (11th 
century). 


3.15.3. Example. Determine which rows of the Pascal's triangle have the 
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property that there are three consecutive binomial coefficients in an 
arithmetic progression. 


Solution. Upon examination of the first few rows of the Pascal's triangle, 
we shall discover that we have the first two such triples on the 7th row, 


wT Quen G-a 
() «(om (Q- 


Now 7 is an odd number. This may lead us to think that such triples can 
be found on all odd numbered rows. Going through the 10 coefficients on 
the 9th row, we realize that we have made a wrong guess. The next guess, 
that we shall find such triples on the n-th row where n is prime, will also 
turn out to be erroneous. Instead of making other wild guesses, let us try 
to find a necessary condition for the existence of such triples. 

Suppose that for a fixed n 2 7 there are three consecutive binomial 


coefficients 
pr "i TN Kem 


on the n-th row of the Pascal's triangle, which are in an arithmetic progres- 
sion. Then 


2 и р Ce) Ы pun 


2хп! — nli(ir*d)r*in—r*1) (n—r)] 


(п гул! n=r+i {л +1! — 
Hence 2(n—r* 1) c* 1) = (л + 1)r*in—r* 1) (n— r) 

n? —4nr+4r? = п +2 

п+2= (п – 2}. 


Thus a necessary condition for the existence of such triples оп the n-th row 
is that n + 2 is a perfect square. In other words, there are no such triples 
except on the 7th (n + 2 = 37), the 14th (n + 2 = 4°), the 23rd (п + 2= 
52,...(n * 2-7 p?V, ... rows of the triangle. Fortunately this condition 
turns out to be sufficient. To see this, let n + 2 = p? where p is an integer 
not less than 3. Then the integers p and n must have the same parity, i.e. 
they are at the same time odd or even. It follows that 


r=5(n~p) 
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is a positive integer less than 2/2 and 
п+2 = (n —2r =n? — nr +4г?. 


Retracing the previous steps backward, we obtain 


2 (7) ЕИ 
OP ` () : R 


and by symmetry also the triple 


ea ea) 


are in an arithmetic progression. The final solution to the problem is 
therefore that there are always two triples of consecutive binomial 
coefficients which are in an arithmetic progression on each (p? — 2)-th 
row of the triangle where p = 3, 4, 5, .. . and there are no such triples 
elsewhere in the triangle. а 


Therefore.the triple 


3.15.4. Example. Find the value of the expression 
— x + 3x258 
fix) = (1—x ZL 
(1 — 5x) 
for values of x which are so small that the power of x above the square 
may be neglected. 


Solution. |t is required of us to approximate f(x) when x is small enough 
for us to neglect al! terms involving x^, x^, . .. . Let us first approximate 
the numerator and the denominator separately. For the numerator we 
have 

(1 —x + 3x?)® = [1 —x(1 – 3x)]? 

= 1 — 8x (1 — 3x) + 28x? (1 — 3x)? + terms of higher orders 

= 1 — Bx + 52x? + terms of higher orders. 
For the denominator, let us first consider the infinite geometric progres- 
sion 

14 5x + (5x)? + (5x)? + (5х) +... 
For small values of x we have 
1 


15x = 1 5x + (5x)? + terms of higher orders. 
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Therefore for small values of x, 
a = (1 + 5x + (bx)? )* + terms of higher orders 
= 1 + 20х(1 + 5x) + 150x? (1 + 5x)? + terms of higher orders 
= 1 + 20х + 250x? + terms of higher orders. 
Therefore for small values of x, 
f(x) = (1 — 8x + 52x? + terms of higher orders) (1 + 20x + 250x? + 
terms of higher orders) 
= 1—12x + 142x? + terms of higher orders. 


After dropping all terms of higher orders, we conclude that for small 
values of x 


^ (bx) 
is practically the same as 1 — 12x + 142x?. " 


3.16. EXERCISE 


1. If n and are natural numbers such that 1 <r <n, prove that 


eO C9 


Deduce ma(7) is an integer. 


r=0 
and k such that n > К. 


К г{п kín—1 
2. Prove that У, (—1) ( ) = (—1) ( k ) for any positive integers n 
r 


"п nx. (2n)! NN 
3. Prove that 2) (, Н ie in xi (n —1n for any positive integer n. 


(Hint: Consider the product (1 +x)” (1 +) 


n +k +п+ 
4. Prove that. У, « ) are ) for any positive integers r and n. 
k=o r rti 
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5. Prove that, for any positive integer л, 


a f AT _ (21)! 
I (T) =m П ar-n- 9 


n 
6. (a) Find the sum Y, i. 


i1 


(b) Prove that 27 > (0) + (9) for any positive integer n. 


(c) Using (a) and (b), or otherwise, prove that 277*!/2 > (n + 1)! 
for any positive integer n. 


n-r n n 
. Letf(r)= > ( Du ) where n is a positive integer. 


о Nd Nri 
(a) By considering the expansion of (1 + x?" , or otherwise, show that 
_ (2n)! 

Fro uen in rj 


(b) By considering the expansion of (1 * x)?" and using (a), or other- 


wise, show that 
^ fn . (n)! 
X (7 Fi) = n anil 


m -m + 
Prove that У, е ) ( 7 = E for any natural numbers n 
reo r m-r m 


and m such that n >т. 


lf n is a positive integer, prove that 


0 if n is odd, 
y (Пп : 20m 
2, eu (7) Е | a if n (= 2m) is even. 


Q if r is odd, 


ы ifn n = 
. Prove hats 2 (—1) M bu = | den if r is even, 


2 
where r and n are positive integers such that г © n. 


*11. 


*12. 


14. 


15. 


16. 
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If n is a positive integer, prove that 


(a) 5 (7) = 3" and 


r=0 
n 

b) 5 e (7) т. 
r=0 T 


Let m and n be positive integers such that n > 1. 


2 
n A 1 
АНЕ A 


(a) Prove that ( 


and deduce that (1 =la > (1 – jas 


п +1 


(b) Prove that (1 +1 "< (1+ 


jan 
т +1 


(c) Prove that (1 "mI «(1 Луп 
п n 


and deduce that (1 + 4. "< (1 – uL 
m n ^ 


. Write down the following expansions: 


(а) tl., 
x 


(b) (2x — 5)°. 


А 3 | : 1 
Find the term independent of x in the expansion of (x? — x ». 


The coefficient of x* in the expansion of (1 + kx)! in powers of x is 
equal to the coefficient of x?. Find the possible values of К. 


If three consecutive coefficients in the expansion of (1 + x)", n beinga 
positive integer, are 2a, 15a and 70a, find the values of n and a. 


. Expand (1 + 2x + 3x?)* in ascending powers of x, calculating the 


coefficients as far as the term in x?. 


‚ In the expansion of (1 + Ax — 3х2)6, the coefficients of the terms 


involving x? and x? are 42 and 20 respectively. Determine the value of 
Л and the coefficient of the term involving х^. 
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19. 


20. 


21. 


22. 


23. 
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Find the coefficient of x in the expansion of (1 +1) (2 — Зх). 


Show that when (1 — 2х)! 8 (1 + 3x)! " is expanded, the coefficient of the 
term involving x? is zero. 


You are given that, when (x + а)? (x — b)® is expanded in powers of x, 
the coefficient of xë is zero and the coefficient of x^ is —9. Find all the 
possible values of a and b. 


Find the values of the positive integers m and n, so that the expansions 
of (1 — x?)!? and of (1 + 2x)? (1 — Зх)? may have the same coefficients 
of x and of x?. 


(a) Prove the identity 
x5 +y = (x +y} — Бху(х +y)? + 5х2у2 (x +y). 
(b) A positive number x and a negative number y exist such that 
х+у=1 and x5-*y)-2101. 


(i) Use the identity in (a) to form a quadratic equation in xy. 
(ii) Deduce that xy = —20. 
(iii) Hence find x and y. 


It is known that x, а and n are positive integers and that the first three 
terms in the binomial expansion of (x + a)" in descending powers of x 
are 729, 2916 and 4860 respectively. Find the values of x, a and n. 


7 


1 1 
If y denotes х Tus , eXpress x nox in the form 


y! tay? * by? *cy, 
where а, b and c are numerical coefficients. 


(Hint: Consider (x +1 y.) 


1 
. If z denotes x — m prove that 


[etas ucc 
X X 


can be expressed in the form zê + az? + bz? + c, and find the values of 
a, b and c. 
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27. (а) Write down the first four terms in the expansion of 
3 
(1 —xM1 + 2x) 
in ascending powers of x. 
(b) State the range of values of x for which the expansion is valid. 
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4. Arithmetic 


In this chapter we shall put together in a systematic and rigorous manner 
some results of elementary arithmetic that are familiar to our readers. 


4.1. ABSOLUTE VALUE 


We shall be dealing exclusively with integers. These are whole numbers 
0, +1, +2, +3,... 
The set of all integers is customarily denoted by the bold-faced letter Z. 
The absolute value of an integer n is given as the natural number 
n ifín20 
In| = : 
-n ifn «Q. 
Thus 13] = 3, | —71 = 7, Another way to define the absolute value is to 


put 

Inl = yn. 
Some useful properties of absolute value are summarized in the following 
theorem. 


4.1.1. Theorem. Let a and b be integers. Then the following statements 
hold: 

(a) —-lal Sa < ial 

(b) labi = lallbl 

(c) lac bl &lal + БІ (triangle inequality) 

(d) la—bl lal — Ibl. 


Proof, (a) Given an integer a, it is either O & a or a < O. In the former 
case, —lal < 0 «а = lal. In the latter case —lal =a « O« lal. Therefore 
the statement holds in both cases. 
(b) This follows from 

labl = V (аЬ)? = a? Vo? = lallal 
(c) This very useful inequality follows from 

lat bl? = (a+b)? = а? + 2аЬ + p? 

= lal? + 2ab + 1612 
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<S lal? +2tabl + 151? 
= lal? + 2ļallbl +162 
= (lal + 161)? 
(d) Since lal = 16 + (a — 6)1< 161 + la — bl, the inequality follows. в 
4.2. EXERCISE 


1. Prove that lal € b if and only if —5 <a <b. 


2. Find the integral solutions of the inequality |x 4| < 2. 


+ 
3. Solve the inequality | A “| < 1 for integral values of x. 


4. Жк —al+|x — b| €c, prove that |b —a| < c. 


5. If |x —a| «c and ly — b| € c, show that 
(i) | +y) – (a*b)| < 2c, 
(i) fx — y) — la — b) < 2с. 


4.3. DIVISIBILITY 


We recall some familiar definitions and terminology. An integer b is said 
to be divisible by a non-zero integer a if there is some integer c such that 
b = ac. In this case we write alb. For alb we sometimes also say that а is а 
divisor of b, а is a factor of b or b isa multiple of a. If b is not divisible by 
a then we write a Y b. When we write alb or a ¥ b we shall always tacitly 
assume that a £ 0. Thus 3112 and 3 / 16. 

The following theorem puts together some of the most familiar facts 
about divisibility. 


4.3.1. Theorem. For integers a, b, c and d the following statements hold: 
(a) а|0, +1la, ala, al—a 
(b) a|1 if and only ifa = +1 
(c) Ifa|b and ble, then alc 
(d) Ifa|b and cld, then ac |bd 
(е) alb and bla if and only if a = +6 
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(f) Ifa|b and b #0, then lal < |b 
(9) Ifalb and alc, then a| (bx + cy) for any integers x and y. 


Proof. We leave the proof of (a), (c), (d), (g) as an exercise. 

(b) If a = +1, then obviously a|1. Conversely, let a|1. Then 1 = ax for 
some integer x. This means that the integer a has a reciprocal x which is 
also an integer. Since +1 are the only integers that have this property, 
а= +1, 

(e) Suppose that alb and bla. Then we can find integers p апа q such that 
b = ра and а = qb. Hence a = qb = q(pa) = (pg)a. ht follows that pg = 1 and 
hence q = +1. Therefore a = +b. The converse is obvious. 

(f) Let alb and b £ 0. Then b = ax for some integer x. Since b # 0, we 
must conclude that x # 0. Taking absolute value on both sides we get 
[5| = lalix|. Since |x| > 1, we get lal < |Ь|. " 


Let us draw some immediate consequences from the theorem. It 
follows from (a) that the integer O has an infinite number of divisors. On 
the other hand by (b), the integers 1 and —1 have the least number of 
divisors, namely only 1 and —1. By (f) a non-zero integer b has only а 
finite number of divisors, among them the trivial ones being 1, —1, 6 and 
—b. Statements (d) and (g) can be generalized: 


(d') If a;|b; for = 1,2, ..., n, thenaiaz ...ap|b1b5 .-. bs 
(9') If alb; fori = 1,2,...,n, thenal(bixi + 6х +... + блхп) for 
any n integers X, X5,. .. , Xn- 


The notions of common divisor and greatest common divisor are the 
next familiar terms that we wish to recapitulate. Let a and b be integers. А 
common divisor of a and b is an integer which is a divisor of both a and b. 
if a and b are not both zero, then they can only have a finite number of 
common divisors. Therefore among the common divisors of a and b there 
is one which is the largest. We call this positive integer the greatest 
common divisor of a and b and denote it by the abbreviation gcd(a, b). 
Take for example the integers 12 and —40. The divisors of 12 are £1, +2, 
+3, t4, +6, +12. The divisors of —40 are £1, +2, £4, +5, +8, +10, +20, +40. 
The common divisors of 12 and —40 are therefore +1, +2, +4 and the 
greatest among them is 4, Therefore gcd(12, —40) = 4. 

The gcd 4 is divisible by all common divisors +1, +2, +4 of the numbers 
12 and —40, a fact which can be seen also in the light of Theorem 4.3.1. 
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(g) and the equation 
4 = (12) x (—3) + (—40) х (—1). 
Similarly from 
gcd (60, 42) = 6 = (60) x (—2) + (42) x (3), 
we see that the gcd of 60 and 42 is divisible by all common divisors of 60 
and 42. We shall prove this particular property of gcd in a later section. 


4.4. EUCLIDEAN ALGORITHM 


We know that when one positive integer b is divided by another positive 
integer a, it either leaves zero or a positive residue r, which is less than a, as 
the remainder of the division. This is illustrated by Fig. 4.1 below: 


a r 
++ ma 
b 
NEU oo Nou NL o7 p 

Fig. 4.1 


By laying off repeatedly segments of length a from the segment b, at the 
end we shall arrive at having either nothing left or a residue segment of 
length r which is shorter than the segment a. If it takes laying off q 
segments, then 

r-b—a—a-—...—a-b-—qga whereÜO &r «a. 
Since repeated subtraction is the same as division, we may call g the 
quotient and r the remainder of the division of b by a. 

We call the above process of calculation the Euclidean algorithm, after 
the Greek mathematician Euclid (circa 350 B.C.), who was the first to 
realize its fundamental importance and used it to lay the foundation for 
his theory of numbers. The word algorithm, which now means а rule of 
operation, is a derivation of the name of an Arab mathematician 
al'Khowarizmi (9th century). From the title of his book, Al-jabr wa'/ 
mugqgabalah, has also come the word algebra, for it is from this book that 
Europe later learned the branch of mathematics bearing this name. 

Let us now formulate the above discussion into a theorem and prove it 
by means of the well-ordering principle (see Section 2.2). 
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4.4.1. Theorem. Euclidean algorithm. If a and b are integers where a # 0, 
then there are unique integers q and r such that 
b-ga*r, O&r«lal. 


Discussion. The theorem has two parts. Firstly it stipulates the existence 
of the integers q and r with the required property. Secondly it claims 
uniqueness of g and r which means that there is exactly one such pair of 
integers. Therefore the proof of the theorem must be given in two parts, 
the existence part and the uniqueness part, though it is immaterial which 
part comes first. 


Proof. We consider separately the two cases where а > 0 and where 
a «Q0. 

(a) Existence (a > 0). Consider the set S of all natural numbers of the 
form b — xa where x € Z, 
ie. S- (b — xalx € Zand b — xaz 0). 
In order to be able to apply the well-ordering principle to S, we have to 
show that S is non-empty. Take x = —| bl. Then 

b—xa-b*libla2b*iblz0 
since a 2 1. Therefore S # ф. By the well-ordering principle, S has a least 
element r € N. Obviously 
r > Oandr=b —ga for some д € Z. 
We want to show that the pair g and r have the required property. We have 
seen already that 
b=qatrandO<r, 
it remains only to show that г < lal = а. Suppose to the contrary that 
г> а. Then 
s=b-— (9 + 1)а = (Ь– да) —a-r—az0 
would be an element of S. Оп the other hand 
$=г—а<г 

which contradicts the fact that r is the least element of S. Therefore we 
conclude that 0 <r « а. This completes the proof of existence of g andr 
with the required property. 

(b) Uniqueness (a > 0). Suppose that there are two pairs q, r and 
q’, r' of integers with the required property, 

b-gatr O<r<lal=a 
b=qatr’ O0<r'<lal=a 

Then it follows from r —r’= (q’— q)a,0 <r <a and —a < —r'< 0 
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that -a&r-r'«a 
; —a«(q'—q)a«a 
—-1«q'—-q«1. 
Since q and g’ are integers we must have 
q'—9-0 


and hence also 
r—r'-(g—gql)a-^0. 
Therefore 9 = g’ and r = r’. This proves that there is just one such pair of 
integers д and г. By (a) and (b) the theorem holds for a > 0. 
For the case where а < 0, we apply what we have shown to |а| and b. 
For |а| and b there are unique integers p and r such that 
b=plal+r, Oxrc«lal. 
By putting g = —p, we have unique g and r such that 
b-ga*r, Oxr«lal. 
Our proof is now complete. п 


4.5. EXERCISE 


1. If a,a,|6, show that a, |b апаа, |b. 
ls the converse of this result true? If so, prove it; if not, produce a 
counter-example. 


2. Find the positive integer which has 8 positive divisors, such that the 
product of the divisors is 331776. 


3. How many distinct positive divisors does the number 18000 have 
(including 1 and 18000)? 


4. Use the Euclidean aigorithm to establish that 
(a) every odd integer is either of the form 4n + 1 or 4n + 3; 
(b) the square of any integer is either of the form 3n or 3n * 1; 
(c) the cube of any integer is of the form 9n, 9n + 1 or 9n + 8, where 
n is an integer. 


*5. Prove that (i) i is odd if n = 27 — 1 


and (ii) A is even if n = 2” 


where m, n and r are positive integers with r <n. 
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8. 


10. 


11. 


12. 


Find the quotient 9 and the remainder r for the following values of a 
andb: (i) a=2,b=1; 

(ii) a=—3,b=4; 

(iii) а= 5, b = —6; 

(iv) a = —4, b = —1. 


. Prove that no integer in the sequence 11, 111, 1111, ... is a perfect 


square. 


(Hint: A typical term 111... 111 can be written as 111... 108 +3 = 
4n * 3 for some integer n.) 


. Show that any integer of the form 6m + 5 is also of the form 3n + 2, 


where m and n are integers, but not conversely. 


. If an integer is simultaneously a square and a cube (as is the case with 


729 = 27? = 93), prove that it must be either of the form 7n or 7n + 1, 
where n is an integer. 


If а and b are integers with b > 0, prove that there exist unique integers 
q and ғ satisfying a = gb +r, where2b Sr < ЗЬ. 


If n is a positive integer, show that every positive integer m can be 
expressed uniquely in the form m = > C; n’, where the C;'s are natural 
numbers not exceeding n — 1. 


n(n + 1)(2n * 1) 
6 

(Hint: By the Euclidean algorithm, n has one of the forms 6m, 6m * 1, 

.,.,6m + 5; establish the result in each of these six cases.) 


For any positive integer n, prove that is an integer. 


4.6. THE GREATEST COMMON DIVISOR 


We shall always assume that the integers a and b are not both zero 


whenever we speak of their greatest common divisor. We recall that the 
greatest common divisor gcd(a, b) of two integers a and b is the largest 
among all the common divisors of a and b. It is also known (see Section 
4.3) that given a and b, this positive integer exists and is unique. 
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4.6.1. Theorem. Let a and b be integers. Then gcd(a, b) is the least 
positive integer of the form ax * by where x, y are integers. 


Proof. Consider the sets S of all positive integers of the form ax + by, i.e. 
S= {ах + by | x,y E€ Z and ax + by > 0} 

Since а and b are not both zero, lal + | bl isa positive integer and belongs 
to S. By the well-ordering principle the non-empty set S has a least 
element d which, by definition, is the least positive integer of the form 
ax + by. It remains to show that d = дса (а, b); in other words, to show (i) 
that d is a common divisor of a and b and (ii) that if c is a positive 
common divisor of a and b, then c Sd. 

(i) Since d € S, we can write d = ax + by for some integers x, y. 
Applying Euclidean algorithm to d and a, we get a = gd +r where either 
г= Оо 0 «& r <d. Of the two possibilties for the remainder r, the latter 
0 « r «X d, turns out to be impossible for r = a — qd = a — д (ax + by) = 
a(1 — qx) + 6(—9у) would belong to S and would be strictly less than the 
least element d of S. Therefore we must conclude that r = 0. Hence a = qd 
and d |a. Similarly we can prove that d|b. Therefore d is a common divisor 
of a and b. 

(ii) Let c be a positive common divisor of a and b. Then it follows 
from Theorem 4.3.1.(g) that с} (ах + by). Therefore cld. By statement (f) 
of the same theorem we get c = (сі < 101 = d. 

(i) and (ii) together complete the proof. a 


4.6.2. Theorem. Given integers a and b. A positive integer d is the 
greatest common divisor of a and b if and only if the following two 
conditions are satisfied: 

(i) dlaand dlb (i.e. d isa common divisor], 

(ii) If cla and clb, then cld (i.e. d is divisible by all common divisors), 


Proof. (a) We first prove that if gcd(a, b) = d, then d satisfies conditions 
(i) and (ii). By definition (i) is satisfied. By Theorem 4.6.1, d = ax + by for 
some integers x and y. If cla and clb, then a = cs and b = ct for some 
integers s and t. Therefore d = ax + by = csx +cty = c(sx + ty). Hence сіс! 
and condition (ii) is satisfied. 

(b) We prove conversely that if d satisfies conditions (i) and (ii), then 
d = gcdla, b). Ву (i), d is a common divisor of a and b. It remains to show 
it is the largest among all positive common divisors. Suppose cla, c|b 
and c > 0. Then by (ii), c|d. Hence c = |c| S |d| = d 
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The proof of the theorem is now complete. п 


Of particular interest is the case where gcd(a, b) = 1. In such case, we 
say that а and b are relatively prime. For example, 2 and 5 are relatively 
prime, so are 36 and —55. 


4.6.3. Example. Prove that integers а and b are relatively prime if and 
only if there are integers x and y such that ax + by = 1. 


Proof. We shall use Theorem 4.6.1 and the fact that 1 is the least positive 
integer. Suppose а and b are relatively prime, then gcd(a, b) = 1. By 
Theorem 4.6.1, 1 = ax + by for some integers x and y. Conversely if 1 = 
ах + by for some x, y € Z, then the number 1 is the least positive integer 
of the form as + bt for all possible s, t € Z. By Theorem 4.6.1, 1 = 
gcd(a, b). Г 


In general albc does not imply alb or alc. Take for example, а = 4, 
b = 6, с = 10. Then бх 10 = 4 x 15; hence 4|(6 x 10) but 4 ¥ 6 and4 f 10. 
On the other hand, we have 4| (5 x 12), gcd(4, 5) = 1 and 41| 12. This leads 
us to the following example. 
4.6.4. Example. Show that if alc and сда, 5b) = 1, thenalc. 
Proof. |t follows from the assumption gcd(a, b) = 1 that 1 = ax + by for 


some x, y € Z. Then c = a(cx) + (bc)y. Since ala and albc, it follows that 
alc. = 


4.7. EXERCISE 

1. Prove that 4 f (n? + 2) for any integer n. 

2. If alb, show that (—a)|6, a|(—5) and (—a)| (—5). 

3. Given integers, a, b and c, prove that alb if and only if ac| bc, where c £ 0. 


4. Prove or disprove that if a| (b + c), then either alb or alc. 


10. 


11. 


12. 


13. 


14. 


*15. 
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Establish that 2|n(n +.1) while 3|n(n + 1)(n + 2) for an arbitrary integer 
n. 


If n (# 1) is an integer such that 2 / n and 3/ n, show that 24|(n? — 1). 


. If &, m and n are positive integers, show that gcd (m + kn, n) = gcd (m,n). 


For any positive integer n and any integer m, prove that gcd (m, m * n) 
divides n. 


lf x and y; are relatively prime for all / = 1, 2,...,n, prove that x and 
у1у2 · . . Yn are relatively prime. 
If m and n are integers, not both of which are zero, prove that 
gcd (—m, —n) = gcd (—m, п) = ged (m, —n) = ged (m, n). 
For a non-zero integer n, show that 


(i) ged (n, 0) = [nl], 
(ii) ged (n, n) = Inl, 
(iii) ged (n, 1) = 1. 


For any integer n, prove that one of the integers п, n + 2, + 4 is 
divisible by 3. 

(Hint: By the Euclidean algorithm the integer n must be of the form 
3m, 3n + 1 or 3m +2.) 


Given integers m and n, piove that gcd(m, п) = am + bn where gcd(a, b) 
= 1. 


Given integers m, n and с, prove that there exist integers a and b for which 


c-am*bn  ifandonly if ged (m, n)|c. 


(a) lf m and n are positive integers with m > n, prove that 
gcd (m +n, m — n) = дса (m, n) or 2 x gcd (m, n) 
(Hint: Let d; = gcd (m, n) and d; = gcd (m +n, m — n). Show that 
d, |9 and d;|2d, .) 
(b) Determine when the right-hand side of the equality in (a) is 
gcd (m, n) and when 2 x gcd (m, n). 
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*16. If a and P are given integers, not both zero, prove that the set 
S = [ax + by : x and y are integers } 
is precisely the set of all multiples of gcd (a, 5). 


4.8. THE LEAST COMMON MULTIPLE 


The parallel concept of the greatest common divisor is known as the 
least common multiple. Given two non-zero integers а and b, the feast 
common multiple of а and b is the smallest positive common multiple of 
а and b and is denoted by іст (а, b). Between the two parallel concepts we 
have the following theorems. 


4.8.1 Theorem. For positive integers a and b , gcd(a, b) іст(а, b) = ab. 


Proof. Let d = gcd(a, b). Then 
d = ax + by, a = dr and b = ds 
for some integers r, s, x, y. Then 
m = ab/d = а$ = br 

is a positive common multiple of а and b. It remains for us to prove that 
m = \ст (а, b). Suppose c is a positive multiple of a and b. Then 

c=au = bv 
for some и, v € Z. Dividing c by т we have 


[^ cd _ c(ax * by) с с 
— = — = ——— = —X + —y 
m ab ab b a 
= yx + uy. 
This means that с/т is an integer; hence mle. Therefore m Sc s 


4.9. AN EFFECTIVE DIVISION ALGORITHM FOR THE EVALUA- 
TION OF GCD 


The crudest method of evaluating the gcd is a search among all possible 
divisors. This is obviously very tedious. A very effective method is given by 
Euclid in his famous book Elements. The method consists of a finite 
number of steps given as follows: 

Let a and b be two integers. Since gcdía, 0) = gcd(a, a) = la| and 
дса (a, b) = gcd(b, a) = gcdílal, |b|), we may assume that O <a <b. Then 
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we proceed. 


Step 1. Apply Euclidean algorithm to get 
b-q,a*rj, OF, <a. 
If г, = 0, then we stop and get gcd(a, Б) = a. Otherwise we proceed to 
the next step. 


Step 2. Divide a by r, to get 
а=д›гу tre, OKASTI. 
If r = 0, then we stop and get gcd(a, b) =r,. Otherwise we proceed to 
the next step. 


Step 3. Divider, by r, to get 
My =Q3f2t+r3, O63 rn, 
If r4 = 0, then we stop and get gcd(a, b) = г. Otherwise we proceed to 
the next step. 


Step к. Divide rk—2z by rg— to get 
Fk-3 = ктк tte, O&ry еа. 
If r, = О then we stop and get gcd(a, b) =гк_ |. Otherwise we proceed 
to the next step. 


Let us apply the above procedure to a pair of positive integers, say 

а= 612, b = 4138. 

Step 1. 4138 = 6х 612 + 466 

Step 2. 612 = 1х 466 + 146 

Step 3. 466 = 3 x 146 + 28 

Step 4. 146 = 5х 28 +6 

Step 5. 28=4x6+4 

Step 6. 6=1x4+2 

Step 7. 4=2x2+0 


In this particular case the procedure terminates at step 7 and we obtain 
gcd(612, 4138) = 2. 

Let us now examine the division algorithm in its general form. Accord- 
ing to the description, if the procedure stops at step 7 with a vanishing 
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remainder rp, then the last non-zero remainder r5, will be the gcd of the 
given numbers а and 5. But can we be sure that the procedure will ever 
stop? Supposing that it stops at step n, is г; really the greatest common 
divisor of а and 6? In order to justify the proposed procedure we shall 
have to answer the following questions: 

(1) Does the division algorithm terminate after a finite number of steps? 
(2) If r4 is the first vanishing remainder of the algorithm, is rg, = 

gcd(a, b)? 


Answer to Question (1). Suppose that the procedure never terminates. 
Then at each step we would obtain a positive remainder. The first 
remainder rı is a positive integer less than a, the second remainder r, is а 
positive integer less than г, etc. Therefore we have an infinite sequence of 
positive integers, each strictly less than the previous one: 
a>r >r >r >o 

But this is impossible. Therefore the procedure must end after a finite 
number of steps with a vanishing remainder. 


The following lemma is needed in the answer to the second question. 


4.9.1. Lemma. Let 0 < s< t be integers and t = 95 +r. Then gcd(s, t) = 
gcdir, s). 


Proof. Let и = gcd (s, t). Then uls and ul(t — gs); hence ulr and uls. It 
remains to show that u is divisible by all common divisors of r and s. 
Suppose v is a common divisor of r and s. Then vls and vl (gs + г); hence 
v|s and v|t. Since u = дса (5, t), we must have v|u. Therefore u = gcd(r, s).m 


Answer to Question (2) Let r, be the first vanishing remainder of the 
procedure. Then tracing the steps backwards, we have 


fn-2 = Qn Га +0 
ln=3 ^ Qn—1 'п—2 t'n- 
l'n—4 = Qn—2 n—3 t n—2: 
ry =Q3lo tls 
a =95 tr 
b =q a+r 
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Applying Lemma 4.9.1 to these equations, we obtain 
гд, = gcd(O, r5 1) = gcd(rp_ i, r5 2) 
gcdí(rg. 1, ^5 3) = ged(rg 2, пз) 
gcd(ra —2, пз) = 9Cd (rp 3, т-а) 
gcd(r3, r5) = gcd(r2, ri) 
gcdírs, гу) = gcd(r;, а) 
gcd(r,, a) = gcd(a, Б) 
Therefore гп = gcd(a, b). a 


As the answers to both Question (1) and Question (2) are in the affir- 
mative, the proposed division algorithm is proved to be effective. 


4.9.2. Example. Find gcd(12345, 56789) 


Solution. The steps of the division algorithm are as follows: 


56789 = 4 х 12345 + 7409 (b=q,atr,) 
12345 = 1 x 7409 + 4936 (а= 9 гу tra) 
7409 = 1 x 4936 + 2473 (ry = 93 r3 +13) 
4936 = 1 x 2473 + 2463 (r2 = 94 rs +14) 
2473 = 1 x 2463 + 10 (rs = 95 ra trs) 
2463 = 246 x 10 + 3 (ra = Qs rs * rg) 
1023x341 (rs = qs rae tra) 
3=3x1+0 (re = Qs r7) 
` ged(12345, 56789) = 1 (gcd(a, b) = гт). 


There is a more convenient way to carry out the algorithm by the follow- 
ing scheme. 


1 | 12345 | 56789 | 4 q: a b qı 
7409 | 49380 qarı 914 

1 | 4936 7409 | 1 qa |r7a—95ri| | Б-да =n | Q3 
2473 4936 Qa4fl3 9зг5 

246 2463 2473 1 96 Га = Гә — 9413 ry 93/2 = 13 | 95 
2460 2463 Fels CHE 

3 3 10 | 3 дв | Ж =гл— 96/5 | F3 — 95га =rs | 97 
3 9 Osta CEL 

0 1 О =^— 98/7 | 7s — 9776 = 73 
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Finally the division algorithm also gives, as a by-product, sufficient 
numerical data for the evaluation of the integers x and y in 
gcd(a, b) = ax + by. 
The following example will show how x and y can be expressed in terms of 
the successive quotients gi, Q5, .. .. 


4.9.3, Example. Suppose the division algorithm on a pair of integers a 


and b terminates at step 5. Express x and y in terms of qi, q5, 93, q4 SO 
that 


gcd(a, Б) = ax + by. 


Solution. Since rs = 0. We have 


b -g,a8 +r or ri=b -qa 
a =95 11 tr or fg =a – 92 г 
ry =q3latrs Ot r3 =) grn 
б = 94 r3 tra Or д =r — да гз 
r3 = 95 ГА. 


Then gcdía, b) = r4 and we use the above equations to eliminate the 
remainders r5, м, rj successively: 


gcdía, b) = ra = ғ — 94 r3 
=r — qali — 93 r3) 
= (1+@3 94) 75 — qarı 
= (1+93 94) (а – 9 ri) – 94 ri 
= а(1 +93 94) + (1—92 — 9а — 92 93 Gal Г, 
= а(1 +93 94) + (—G2 — 94 — 92 9з 94) (b ~q, 8) 
= а(1 +93 94 +9: 9 +9. Ga +91 9 93 Q4) 

+ 0(—95 —94 — 92 93 94). 
Thus х= 1 +9з 94 +9; q2 +91 94 * Q1 92 9з Qa 
y = —(95 +94 +92 9з Q4) и 


4.9.4. Example. Express gcd(289, 37) in the form of 289х + 37у. 


Solution. Successive divisions yield: 
289 = 7 x 37 + 30; 


37=1x30+7; 
30=4x7+2; 
7= 3х2 +1; 


2= 2х1, 
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Thus for a = 37, b = 289, we get gcd(37, 289) = 1. The successive quotients 
areq4 = 7,95 = 1,93 = 4, q4 = 3, 95 = 2. Therefore x = 125 and y = —16. 
i.e. gcd(289, 37) = 289 (—16) + 37 (125) =1. a 


4.10. EXERCISE 


1. 


"5. 


he 


For any positive integers а and b, prove that Icm (a, b) = ab if and only if 
а and b are relatively prime. 


. Given a positive integer k, and non-zero integers m and n, show that 


Icm (km, kn) = К lem (m, n). 


. Given positive integers m and n, show that дса (m, n) = Іст (m, n) if 


and only if m =n. 


. Given positive integers m and n, show that there exist integers a and b 


such that gcd (a, b) = т and Icm (a, b) = n if and only if m|n. 


If the l.c.m. of two numbers is equal to the square of their difference, 
prove that the g.c.d. of the two numbers is the product of two consecu- 
tive integers. 


For any positive integers а, b and m, prove that m = іст (a, b) if and 
only if the following conditions are satisfied: 

(i) alm and b|m, 

(ii) ifale and b|c, then т |с. 


(a) If two integers m and n are relatively prime, show that mn and 
т + п are relatively prime. 

(b) The sum of two integers is 216 and their I.c.m. is 480. Determine the 
two integers. 


110 


"B. 


10. 


12. 


13. 


14. 


Fundamental Concepts of Mathematics 


(а) If m denotes the I.c.m. of the integers a}, аз, ..., an, prove that an 
integer N is a common multiple of а}, аз, ... , an if and only if 
m|N. 


(b) Given n Є N define nZ = (nx :x EZ}. 
15 it true that given n,, n; Є N there exists m E N with ni ZO m Z= 
má? Explain. 
Is it true that, for some m € №, nZ Оп, Z = mZ? Why? 


Find gcd (272, 1479). 
Find lcm (306, 657). 


Let а and b be integers, not both zero. If gcd (a, b) = d, prove that 


a b 
ged (5,51 7 1. 


Let a, b and c be integers. If alc and б іс with gcd (a, b) = 1, prove that 
ab |с. 


Use the division algorithm to obtain integers m and n satisfying 
gcd (56, 72) = 56m + 72n. 


(a) If D = gcd (ny, na) where n, and n, are integers, prove that an 
integer № is а common divisor of n, and n; if and only if V | D. 
(b) If ay, 4 ,...,4@, are given non-zero integers, and if 
dı =а\, 
d; = gcd (di, аз), 
аз = gcd (d3, a4), 
d, = gcd (d, —1, аһ), 
and а = gcd (a1, 85,83,..., 85, 
prove that d = d, and deduce that there are integers Mi, Ma, . .. 


n 
My such that = У, т;а;. 
f=) 


"15. Prove that дса (mn,, mn.) = m ged (n,, n2} for any positive integers 


т, Ni and Na. 
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4.11. PRIME NUMBERS 


A prime number (or simply a prime) is a positive number p > 1 which 
has no positive divisor other than 1 and p. An integer greater than 1, which 
is not a prime, is called a composite number (or simply a composite). 11 
follows from the definitions that any positive number greater than 1 is 
either a prime or a composite. If it is a composite, then it is a product of 
two factors, each of which is strictly less than the given number. Should 
either of these factors be a composite, it can be further factorized into a 
product of even smaller factors. It is plausible that this process of 
factorization can be carried on until the given number is written as a 
product of primes. [n other words, every positive integer greater than 1 is 
a product of prime numbers. It is in this sense that the prime numbers are 
regarded as the ‘building blocks’ from which other integers can be 
produced by multiplication. We shall see in the next section that what is 
briefly described above is in fact true and constitutes a part of the famous 
fundamental theorem of arithmetic. Meanwhile we shall study some 
general properties of prime numbers. 

in our discussion of prime and composite numbers, we shall leave out 
the zero and the negative numbers. We take note that 1 is the only positive 
number that is neither a prime nor a composite. All even numbers except 2 
are composite. The first ten prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 
23 and 29, and the first ten composite numbers are 4, 6, 8, 9, 10, 12, 14, 
15, 16 and 18. 


4.11.1. Theorem. Let p be a prime and a an integer. Then either p = 
gcd(p, a) or 1 = gcd(p, a). 


Proof. Given p and а, it is either pla or p J a. In the former case, 1 and p 
are the only positive common divisors of p and a. Therefore, p = gcd(p, a). 
In the latter case, 1 is the only common divisor of p and a. Therefore, 1 = 


gcd(p, a). a 


4.11.2. Theorem. /f p is a prime and p |ab, then pla or p|b. 


Proof. For p and a, either pla or p / a. If it is the former case, then there 
is no need to go further. So let us assume that p { a. Then by Theorem 
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4.11.1, дса(р, a) = 1. Now by Example 4.6.4, it follows from p |ab and 
gcd(p, а) = 1 that p|b. " 


4.11.3. Theorem. /fp isa prime апа p|a, a2... as, then p |a; for at least 
опеі = 1, 2,... п. 


Proof. We shall prove this theorem by induction on the number n of 
factors. For n = 1, there is nothing to be proved. Suppose that the theorem 


holds for some r > 1. If p a, à; ... а; apy, then it follows from 
Theorem 4.11.2 and а, 42... 8r 474, = (а, а ...а,) aj, у that either 
pla,,, or pla; a, . . . aj. If it is the former case, then there is nothing 


more to be proved. If it is the latter case, then pla; for some / = 1, 2,..., 
r by the induction assumption. Therefore the theorem holds for any 
number n of factors. " 


A special case of Theorem 4.11.3 where all the factors a; are themselves 
prime numbers is worth our attention. 


4.11.4 Corollary. /f p is a prime and p|q, q2 .. - Qn where р, qi, 92, 
. , Qn are all prime numbers then p = qj for at least one i = 1, 2,... , п. 


Proof. |t follows from Theorem 4.11.3 that plq; for some /. Since q; is 
itself a prime numbers it is divisible only by 1 and q;. Therefore it is either 
p = 1 or p = 9;. But the former is impossible since p is a prime. Therefore 
p-8Gqi. a 
4.11.5. Corollary. /f Pi р... Pm = 91 92 -- · Gn, Where the p; and qj 
are all prime numbers, then m - n, and after a suitable renumbering of the 


factors q, р; = q;jforalli = 1,2,...,m. 


Proof. We propose to prove the corollary by induction on the number m 


of factors. For m = 1, it follows from p, = 9135 ... qn and p, beinga 
prime number, that n = 1. Hence p, = q,. Assume for somer 2 1, if p, p; 
e Pr = Qi q2 ... Qn where the p; and q; are prime numbers, then r = n, 
and after a suitable renumbering, p; = q; (f= 1,2,...,r). Suppose p; p; 
2 Pr Prat 7 Q1 Q2 ... Qn. Then pr+1 lgi 02... qn. By Corollary 4.11.4, 
Dra 1 = q; for some / = 1, 2, ..., п. After a suitable renumbering, we may 


assume that pr+ı = Qn. Then р, P2 ... pp = Q1 92... Qn— 1. By the 
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induction assumption, r = n — 1, and p; = q; for = 1, 2, ...,rafter yet 
another suitable renumbering of the indices of the factors qi, 92, . . . 
Qn—1- Therefore r + 1 = л and р; =q; for/= 1, 2,...,r+1. Hence the 
corollary holds for all natural numbers m and n. п 


4.12. THE FUNDAMENTAL THEOREM OF ARITHMETIC 


The justification in regarding prime numbers as 'building blocks' of 
numbers is contained in the following theorem, This famous theorem can 
be found in Euclid's E/ements. 


4.12.1. Theorem. 7he fundamental theorem of arithmetic. Every integer 
greater than 1 can be written as a product of prime numbers and such 
representation is unique up to the order of the prime factors. 


Proof. The theorem consists of two parts: 
(a) Existence. Given any integer a > 1, there are n Z 1 prime numbers 
Pi- Pa. - - - , Pn, not necessarily all distinct, such that 

a= pı P2... Pn 
(b) Uniqueness. If a = р; р... Pn anda = 9; q2 . .. qm where p; and 
q; are all prime numbers, then n = m, and after a suitable renumbering of 
the indices, p; = 9; for i= 1, 2,..., п. 

The second part of the theorem has been established in Corollary 
4.11.5. Therefore we need only show the existence of such prime numbers 
Dj. 

Suppose to the contrary, that there are positive integers greater than 1 
that are not expressible as a product of prime numbers. Then by the well- 
ordering principle, there is a least integer among them. Let this be c. Then 
by definition, c must have the following properties: 

(i) c1; 

(ii) c is not a product of prime numbers; 

(iii) If d is an integer such that 1 <d <c, then d is a product of prime 

numbers. 
if follows from (ii) that c itself cannot be a prime number. Therefore we 
can find two positive integers d; and dz, such thatc = d, d; and 1 <d; < 
с (/ = 1, 2). By (iii) both d, and d; can be written as a product of prime 
numbers. Therefore c itself is a product of prime numbers contradicting 
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(ii). Hence the assumption that there exist integers failing to be a product 
of prime numbers must be wrong. The proof is now complete. п 


4.12.2. Addendum. The uniqueness part of the theorem can be put in a 
slightly improved formulation, if we arrange the prime factors in the order 
of magnitude. Denote by py, P2, рз, . . . the sequence of all prime 
numbers 2, 3, 5, 7, . . . in the order of increasing magnitude. The funda- 
mental theorem of arithmetic can be formulated in the following way: 


For every integer a greater than 1, there exists a unique set of natural 
numbers e,,65,... , e, such that 
e e e 
a-p,^ p... Dy” 
where e, > 0. 


For example, 7500038 = 2 x 7x 7 x 7 x 13 x 29 x 29. Therefore 
7500038 = 2! x 3° x 5? x 7? x 11? x 13! x 17° х 19° x 23° x 292. 


4.12.3. Remarks. The fundamental theorem tells us that any number can 
be factorized in essentially one way as a product of prime numbers, but it 
contains no information as to how a given number can be factorized. In 
fact the factorization of large numbers remains one of the most difficult 
problems of mathematics. In recent years, great improvement has been 
made in the construction of very high speed computers and much progress 
has been achieved in the field of algorithms. It is now possible to factorize 
some very large numbers and this has opened up many applications of the 
theory of numbers. Even so, using the best algorithms, it still may take 10 
minutes to determine the primality of a 200-digit integer on the best 
computer available. The factorization of a 100-digit composite number 
may even take months to complete. But by the primitive method of trial 
and error, it may take many years to find the prime factors of a 50-digit 
number on a computer which could perform one division in one billionth 
of a second. 


4.13. THE INFINITY OF PRIME NUMBERS 


Besides the fundamental theorem of arithmetic, Euclid has also proved 
the following classical theorem on the supply of prime numbers. 
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4.13.1. Theorem. There is an infinite supply of prime numbers. 


Proof. Suppose to the contrary that the theorem is false, and there were 
only a finite number of prime numbers. Denote these primes by pi, р», 
. , Pn and consider the positive integer 
с=р 3 ... p, +1 
Since pı, рз, .. . , Pn are all the prime numbers and c # p; for all j= 1, 2, 
. , n, the number c must be a composite number. By the fundamental 
theorem of arithmetic, c must be divisible by some prime number, say pj 
for some j = 1, 2, .. ., n. Then it follows from pjlc and pjl p1 P2 . . -Pn 
that 1 = c — ру P2 . . . Pn is also divisible by the prime number ру. But 
this is clearly absurd. Therefore it cannot be the case that there are only a 
finite number of primes. а 


For over two thousand years, mathematicians all over the world have 
been working to extend the list of prime numbers 2, 3, 5, 7, 11,.... 
Eratosthenes of Cyrene (276 — 194 B.C.) was probably the first to have 
found a systematic method. The method is known as the Sieve of 
Eratosthenes and is based on the following property of composite 
numbers. 


4.13.2. Lemma. Let a be an integer greater than 1. If a is composite then 
it is divisible by a prime number p not exceeding Va. 


Proof. Let a = bc where 1 < b € a and 1 < c <a. Suppose that b «< c, 
then b? < bc =a, and so b < va. Since b > 1, b must be divisible by a 
prime number p by Theorem 4.12.1. It follows from pl b that p <b « a, 
and pla since a = bc. a 


It follows from the above lemma that if a > 1 is not divisible by any 
prime number p & Va, then a is itself a prime number. Based on this we 
have 


4.13.3. Sieve of Eratosthenes for finding all prime numbers between 1 
and a given number n. The method consists of the following steps. To 
start, we write down all integers from 1 їо л in a block formation. 


1 2 bh ice m 
т+1 т+2 Ga Quis 2m 
2m +1 2m +2 eu eia 3m 


116 Fundamental Concepts of Mathematics 


where m is the least integer which is not less than vn. Then we proceed to 
pick up all prime numbers and eliminate all composite numbers of the 
block by a systematic search to be carried out in several rounds. 


Round 7, Cross out the number 1. 

Round 2. The next number is 2 which is a prime number. Put a circle 
around the number 2 and cross out all higher multiples (i.e. every second 
number) 4, 6,..., 2t, .. . of the prime number 2 in the block. 

Round 3. The next untreated (i.e. neither circled nor crossed out) number 
is 3. Because 3 is not divisible by any prime number less than itself, it must 
be a prime number. Circle 3 and cross out all higher multiples (i.e. every 
third number) 3, 6, 9, ... 3t, ... of 3 in the block. 

Round 4. The next untreated number is 5. The number 5, not being 
crossed out in the previous rounds, is not divisible by any prime number 
less than itself; it must be a prime number. Circle 5 and cross out all higher 
multiples (i.e. every fifth number) 10, 15,..., 5, ... of 5 in the block. 
Round 5, ааа 


The process terminates as soon as all numbers on the first row of the 
block are either circled or crossed out. Then ali numbers in the block that 
are crossed out are composite numbers. The remaining numbers are then 
all the prime numbers from 1 to n. These are numbers that fali through the 
‘sieve’. Іп particular the circled numbers are the primes p X Vn while the 
others are numbers not divisible by any prime p < Vn. 

The table below is the result of a sieving process. The multiples of 2 are 
crossed out by —; those of 3 by |; those of 5 by V; and those of 7 by /. 


r Q OG + © + O  » ж 
1 ++ 13 жж ңы 4€ 17 e 19 29. 
Jr 22 з 3e э 2 mb 2 29 Æ 
31 32 з 34 ж de 37 #38 do ә 
41 ARE 43 44 Ww 46 47 #46 A9 җа 
S! 52 53 56 55 Se 5p 58 59 we 
61 à 62 ӨЗ 64 бы -06 67 -68- в эе 
n } 7з 34 Wo 7 27 Æ 79 W 
8! 82 83 ағ ва 86 8р 88 вә зә 
9T 22 8 OF 8 Æ 97 æ 99 Fe 
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Thus the prime numbers less than 101 are: 
2, 3, b, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 
73, 79, 83, 89, 97. 


Obviously the sieve of Eratosthenes is not a suitable method for 
finding very large prime numbers. Among the many mathematicians who 
have contributed to the study of prime numbers, a French monk, Marin 
Mersenne (1588 — 1648) suggested that prime numbers can be found 
among numbers of the form 

Мр = 22 —1 

where р is а prime number. Prime numbers of this kind are now called 
Mersenne primes. He claimed that for p = 2, 3, Б, 7, 13, 17, 19, 31, 67, 
127 апа 257, Мр is a prime and that Mp is composite for all other primes 
p < 257. Given the limitation of calculating technique of his day, it is 
impossible that he has actually verified his claim except possibly the first 
few on his list: M; = 3, M =7, M = 31, M4 = 127, Муз = 8191, Mi, = 
131071 and М,» = 524287. Indeed it was more than a hundred years later 
that the Swiss mathematician Leonard Euler (1707 — 1783) verified that 
M3, = 2147483647 is a prime number. A complete answer to Mersenne's 
conjecture was finally available in 1947: Msı, Mas and Myo, are also 
prime numbers while Мез and M,57 turned out to be composite numbers. 
Up to now 30 Mersenne primes have been found. The last one M5,6691 
was discovered in September 1985 and is a number of 65050 digits. 


4.14. EXERCISE 


1. Prove that one can always find n consecutive composite integers, 
however great n may be. 


2. f pi, pa, . . . , Pn are n distinct prime numbers, prove that the sum 
1 1 1, . 
— +— +...+— is not an integer. 
pi P2 Pn 


3. If m and n are integers greater than 1, prove that m^ + 4r? is a com- 
posite number. 
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A perfect number is a positive integer n which is the sum of all its 
positive factors other than itself, e.g. 6 = 1 + 2 + 3 is the smallest perfect 
number. If p = 2”*! — 1 is prime, prove that 2"p is a perfect number. 


. Let p be the smallest prime factor of an integer n, and suppose that 


р> Vn. Show that is also prime. 


. Prove that every odd prime can be expressed as the difference of two 


squares in one and only one way. 


. 3, 5 and 7 are prime numbers. Are there any other triplets of prime 


numbers of the form n, n * 2 and n * 4? Why? 


ni. Р Bee) AN 
. Prove that a is never prime for any positive integers r and n such that 


2<г<лп—2. 


If p is a prime number not less than 5, prove that p? — 1 is divisible by 
24. 


(a) If n isa composite number, show that 2" — 1 is composite. 
(b) If 2” — 1 is a prime number, show that n must also be prime. 


(a) If a, b and c are integers and the equation ax? + bx + c = 0 has а 
rational root m/n where m and n are relatively prime integers, show 
that m and n are factors of c and a respectively. 

(b) Hence show that Jp is irrational if p is a prime number. 


A way of determining whether a given number is prime or not is shown 
below: 


Let N be a given number, and suppose that n is the least number for 
which n? > №. Form the numbers 


m — М, (п +1)? – №, (n +2)? —-N,... 
until one of these is a perfect square. Let the perfect square reached be 
m? . Then 


{п +i)? – М№= т? 


№ = (п + +т)(п +7 – т). 


*13. 


*14. 


*15, 


16. 


17. 
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(a) Determine whether 8453 is a prime number. 
*(b) What happens when M is a prime number? 


if 2? + 1 is a prime number, prove that n is a power of 2. 


n-i 


If pn is the nth prime number, prove that p, « 2? 


If p is a prime number and a, d are positive integers not divisible by p, 
prove that exactly one of the numbers 

atd,at+2d,a+3d,..., а + (р – 1)d 
is divisible by p. 


lf p is a prime number, prove that 


(a) (?) is divisible by p forr=1,2,3,..., p — 1, and 
* p-1 г. woe _ 
(b) ( ) — (—1)' is divisible by p for r = 0, 1, 2,..., p-—1. 


(a) m and n are positive integers such that m + n and m? + n? are both 
divisible by an odd prime p. Prove that m and n are both divisible by 
p. 
(b) if p is a prime number greater than З and a, b, c are positive integers 
such that p divides each of 
a+b +с, а? +b? «c? апаа? + b? +с?. 
Prove that p divides each of a, b and c. 


. If m and n are integers with no common factors other than 1, prove that 


there are integers а and 5 such that 
1 a b 


mn m n` 
Deduce from this that every rational number can be expressed in the 
form 


а а а 
2.4.72 ..,,422 
qi 92 Gn 
where the numerators ау, 32, . . . , ày and the denominators 91, Q5, . .. 


q, аге integers and each denominator is a prime number or a power of a 
prime number. 
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19. If a^ — 1, where K is a positive integer, is a prime number, prove that 
a = 2. 


"20. Prove that there are infinitely many prime numbers of the form 3n + 2, n 
being a natural number. 


21. (a) For any positive integer №, prove that the l.c.m. of the numbers 1, 2, 
3, ..., N can be expressed as 2"M, where M is ап odd number and n 
is the greatest integer such that 2" < №. 

(b) Hence prove that, if М > 1, then the sum 


1+= += + ph 
23 " N 


a : А 
сап Бе ехргеѕѕеа аѕ P where a is odd and b is even. 


22. Suppose that a natural number № can be factorized with the primes р, 
рз, ... , Dr, each raised to the powers а,, аз, . . . , a, respectively, i.e. 
N = руё! ps?* .. . p". Find an expression for the number of positive 
divisors of N. 


4.15. CONGRUENCE 


While the topics of the previous sections of this chapter are discussed in 
Euclid's Elements, the subject matter of the rest of the chapter is develop- 
ed by the German mathematician Carl Friedrich Gauss (1777 — 1855) in 
his book Disquisitiones Arithmeticae, which is often regarded as the first 
book on modern number theory. Let us first put down the definition of 
congruence as given by Gauss. 


4.15.1. Definition. Let n be a fixed integer greater than 1. Two integers 
a and b are Said to be congruent modulo n if a — bis divisible by n. In this 
case we write a € b (mod л); otherwise we write a b (mod n). 


For example, 11 = 32(mod 7); —7 = 25(mod 8); 2 € 19(mod 3); 7 £ 
—3(mod 6). The trivial case of congruence modulo 1 is intentionally 
excluded. 

One obvious relationship between congruence and division is that if r 
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is the remainder of a when divided by n (i.e. а = gn + г), thena =r 
(mod n). In other words, in the theory of congruence modulo л, no 
distinction shall be made between a and its remainder r when divided by n. 
Thus we may view the theory of congruence as the arithmetic of the 
remainders. For example, the integers 1, 7, 13,...and —5, —11, —17, ... 
will become indistinguishable reduced modulo 6. In particular both 
5721745 and —154057 13 can be replaced by 1 and 
5721745 x (-15405713)2 1 x 1 = 1 (mod 6). 
The basic rules of congruence are listed in the theorem below. 


4.15.2. Theorem. Let n be a fixed positive integer and let a, b, c, d be 
four arbitary integers. Then the following statements hold: 
(а) а =а (тоал); 
(b) Ifa = b (mod n), then b =a (mod n); 
(с) lf aS b (mod n) and b = с (mod n), then a = c (mod n); 
(9) Ifa =b (mod n) апас = d (mod n), thena + с = b + d (mod n) and 
ас = bd (mod n); 
(e) If ac = bc (mod n) and if с and n are relatively prime, then а = 
b (mod n). 


Rules (a), (b) and (c) govern the general usage of the congruence 
symbol =. From rule (d) the usual commutative, associative and distribu- 
tive laws follow. Rule (e) is the cancellation law where the condition 
gcd(c, n) = 1 takes the place of c # 0 in the ordinary cancellation law: if 
ac = bc and if c £ О then a = b. The proof of these rules is left as an 
exercise for the reader. 

Let us carry the similarity between congruence and equality another 
step further and consider the counterpart of a first-degree equation 

ax-b 
in the unknown x with integral coefficients а and b. Such equation has no 
integral solution unless b is divisible by a. Substituting = by = (mod n) we 
obtain a /inear congruence 
ax = b (mod n) 
For the solution of linear congruence we have the following theorem. 


4.15.3. Theorem. /f gcd(a, n) = 7, then the linear congruence ax = 
b (mod n) has integral solutions. Moreover, any two solutions are con- 
gruent modulo n. 
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Proof. |t follows from gcd(a, n) = 1 that we can find integers xg and Yo 
such that 1 = axo + nyo. Therefore b = a(bxo) + n(byo); and hence a(bxg) 
= b (mod n). Thus x = bxo is a solution of the given linear congruence. 
Suppose that x and x’ are both solutions. Then it follows from ах = b 
(mod n) and ax’ = b (mod n) that ax = ax’ (mod n). Because а and n are 
relatively prime, we may apply the cancellation law to get x =x’ (mod n).m 


4.16. CHINESE REMAINDER THEOREM 


In the ancient Chinese mathematics text ff FRE Sun Zi Suan Jing, 
one finds the following problem on the solution of a system of linear 
congruences. 


SOPRA: == UL BR C ng РА 
REZ’ БЫ. [1051] 


(Find a number which leaves the remainders 2, 3, 2 when divided by 3, 5, 
7 respectively), 


i.e. find x such that x = 2 (mod 3) 
х = 3 (mod 5) 
x =2 (mod 7) 


A solution to the problem is given in the text as 
2°35°2+3°21°1+2° 15, 1 = 233 
which gives 23 when reduced by multiples of 105. 
Similar problems are also found in ancient Greek mathematics. The 
general solution of a system of linear congruences is now known as the 
Chinese remainder theorem. 


4.16.1. Chinese remainder theorem. Let n,, N2, . . . , n, be positive 
integers such that they are pairwise relatively prime, i.e. gcd\n,, nj) = 1 for 
i £j. Then the system of linear congruences 

x = р, (mod ni) 

x € b, (mod nm) 

X € b, (mod n,) 
has solutions. Furthermore апу two solutions are congruent modulo n, n; 

-Np 
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Proof. Letn = п, n; ... nr andletm, = п/р =N; ... Dk ca Pei «Dr 
for k = 1, 2,. .., г. Since ged(n,, nj) = 1, n; апал; (i £ j) have по common 
prime factors. Therefore n, and m, have no common prime factors, so 
gcd(m,, n.) = 1 fork = 1, 2, .. ., г. By Theorem 4.15.3, each congruence 


m,x = 1 (mod nę) has solutions. Let x, be any one of these solutions. 
Then 
my Xk = 1 (mod ng) fork = 1, 2,..., л. 
Consider the integer b= Б; m, х; tba ma X4 +... t bu me, x,. 
Then it follows from m; = 0 (mod лк) for / £ К, that 
b =, my Xk Sb 1E by (modny)fork-1,2,...,r. 

Thus b is a solution of the system. 

Suppose that b and b' are two such solutions. Then it follows from 


b = by = b’ (mod ng) that лк! (b — b^) fork = 1, 2, ..., г. Hence n; n; 
. . ngl (b — b’) since л; and ng have no common prime factors for j # k. 
Therefore b = b' (mod n, nz ... ng). The proof is now complete. " 


4.17. EXERCISE 


1. Ifa = b (mod n) and c = d (mod n), prove that 
(1) а+с= р +d (тойл), 
(ii) a —c =b — d (modn), 
(iii) ac = bd (mod n). 


2. For arbitrary integers а and b, prove that а = b (mod n) if and only if a 
and b leave the same non-negative remainder when divided by n. 


3. Solve forx : 75x = 2 (mod 13). 
4. Solve forx : 43x € 5 (mod 61). 
5. Prove that the indeterminate equation 
2x —6y = 2п +1 


has no integral solutions when n is any natural number. 


6. Prove that a positive integer is divisible by 9 if and only if the sum of its 
digits is divisible by 9. 
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И ma = mb (mod n) where m is an integer, show that 


= n 
a = b (mod acd (ТУЛ) ). 


Show that the linear congruence ax = b (mod m) has a root if and only if 
gcd (a, т) |b. 


Solve for x and y the congruences 
4x — by = 1 (mod 7), 
X + 2y = 3 (mod 7). 


(a) If 110 = 37 (mod 111), show that n is a multiple of 37. 
(b) If the number 100a + 106 + c is divisible by 37, prove that 1006 + 
10c +a and 100c + 10a +b are also divisible by 37. 


(a) If p is a prime number, show that all the binomial coefficients, 
except the first and the last, in the expansion of (1 + x)? 
divisible by p. 

(b) Prove that, for every positive integer n and every prime number p, 
п? = п (mod p). Hence deduce that n^! = 1 (mod p) for all integers 
n not divisible by p (Fermat's theorem). 


are 


Let n be a fixed positive integer and a, b be arbitrary integers. 

(a) lf a b (mod n), prove that ak = b* (mod n) for any positive integer 
К. 

(b) Let р(х) = Ee ea be a polynomial in x with integral coeffi- 
cients Cy (К 20, 1,2,..., m). 
If a = b (mod n), prove that p(a) = p(b)(mod n). 

(c) Let N = i co ay ` 10* (0 <a, < 10) be the decimal representation 
of the positive integer N and let 7 = уэ ao (—1)* ак. Prove that 11|/V 
if and only if 11/7. 


5. The Real Numbers 
5.1. THE NUMBER LINE R 


For the purpose and the scope of this course, it will be sufficient for us 
to think of the real numbers as the points along a straight line which 
extends indefinitely in both directions. (Fig. 5.1) This straight line is 
referred to as the number line. Any finite portion of the number line can 


1 
i ou 0 2 1 у 2 e Зт 


Fig. 5.1 


serve as a ruler with which we may measure the lengths of line segments in 
Euclidean geometry. We shall denote the set of all real numbers by the 
bold faced capital R. The three most important subsets of R are listed in 
the table below: 


Subset Notation Elements 
Natural numbers N 0,1,2,... 
Integers 2 ...—2, -1,0,1,2,... ne. tn 
wheren € №. 
; 1 3 А 
Rational numbers @ 0,1,2, "5: dua i.e. a/b 


where a, b € Z and b # 0. 


Natural numbers and integers have been discussed in some detail in 
Chapters 2 and 4. Rational numbers are also known as fractions. They can 
be either written as 

m m 
—or——,nf£O0 
n n 


where т, n are natural numbers that have no common factors except 1, А 
rational number which is expressed in this form is said to be in its /owest 
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terms. For example E 28 12345 

' 2, 3, 56789 
12/15, 8/100 аге not. Furthermore all decimal numbers, such as 2.13, 
—7.186, are rational numbers. 

For the three subsets above, N C Z C Q C R holds. Moreover N is a 
proper subset of Z, for example, —3 € №. It is also true that Z is a proper 
subset of Q, for example, 3/2 € Z. It is less obvious that Q is a proper 
subset of R. In fact, until the discovery of the irrationality of X2, the 
Pythagoreans of ancient Greece believed that any two line segments are 
commensurable (i.e. there are no real numbers other than the rational 
numbers). 


are in their lowest terms whereas 


5.1.1. Example. V2 is a real number which is not a rational number. 


Proof. V2 is the length of the diagonal of a square with unit side length. 
The number can be located on the number line between the rational 
numbers 1.41 and 1.42 by the following construction (Fig. 5.2): 


Fig. 5.2 


Thus v2 is a real number. 
Suppose that V2 were a rational number. Then it would be possible to 
find positive integers m and n such that 


v2=% and gcd(m, n) = 1, 


Squaring the first equation, we obtain 2n? = m?. Therefore 2|m*. By 
Theorem 4.11.2, we get (1) 2|m. Consequently 2? |m? , Since m? = 25? it 
follows that 22 |27? . Hence 2]n?. Thus we also have (ii) 2|n. But (i) and 
(ii) are contradictory to gcd(m, n) = 1. Therefore it is not possible that 
V2 is a rational number. п 
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Therefore N © Z © @ © R holds. Real numbers which are not rational 
numbers are called /rrational numbers. V2, e, т and a great deal more аге 
irrational numbers. 


5,2, EXERCISE 


1. Prove that V2 is irrational. 


2. For any integer n > 1 and any prime number p, prove that p!" is 
irrational. 


3. If г and s are rational numbers, prove that г + s/2 is irrational unless 
5 = 0. 


4. Read the following passage carefully. 
‘Let $=1—1+1—1+1—... 
Then 5 = (1 — 1) + (1 — 1) + (1—1) +... 


=0+0+0 +... 
= 0. 

But 5=1— (1—1) – (1—1) – (1—1)... 
-1—0—0-0 
=i), 

Also $=1—(1—1+1—1+1—...) 
=1-S. 


Hence 25 = 1, and 5 = 1/2.’ 
Now which is the correct value of S? Why? 


5. If a, b, c and d are rational numbers such that а + уЗ 2c a3, prove 
that a = c and b = d. 


6. If a and b are positive rational numbers and Ja is irrational, prove that 


Vat vb is irrational, 


7. Show that log,92 is irrational. 


8. Prove that the root of the equation 2* = 3 is irrational. 
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10. 


11. 


12. 


14. 


15. 


(a) If a is rational and b is irrational, is а + Б necessarily irrational? What 
if a and b are both irrational? 

(b) If à is rational and b is irrational, is ab necessarily irrational? 

(c) 15 there a number a such that a? is irrational, but а“ is rational? 

(d) Are there two irrational numbers whose sum and product are both 
rational? 


(a) If x =p + V/q where p and q are rational numbers, and л is a positive 
integer, prove that x" = а + b/q for some rational numbers а and Б. 


(b) Prove also that (p — 4/9)" =a — bq. 


If m and n are unequal natural numbers, prove that log;o (27 5”) is 
irrational. 


Hx? rau x7! cas 5x"? +...+аух + ag = О for some integers an-ı, 


p-2,.- . , 81, ао, prove that x is irrational unless x is an integer. 

If n is a natural number greater than 1, prove that Vn? — 1 is irrational. 
Show that there is no rational number whose square is equal to 3. 
Explain the following paradox: 


‘Let a/b and c/d be any two fractions representing the same rational 
number, Then 


it follows that 


la — b)c + d) = (a+ b)(c — d). 
ad — bc = —ad + bc. 
Hence 12-1.* 


5.3. SOME BASIC ASSUMPTIONS 


It is not our intention to go back to the very first principle to develop 


formally the system R from a set of axioms, as this would be inappropriate 
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for the present course. Instead we shall adopt a straight forward approach, 
by accepting without question some very well-known properties of real 
numbers as our basic assumptions. Firstly these include all the usual laws 
of addition, multiplication, subtraction and division. These are then our 
assumptions on arithmetic. In particular the division by zero is not 
allowed. Thus it is meaningless, for example, to write 


3 
0 
Later on we shall specify the precise meaning of the so called 'infinity' 


symbol ео but under no circumstance are we allowed to write 


—=0 or ———=—оо, 


0 
The next group of assumptions concern the natural order of real numbers. 


These are the following six rules of proper usage of the inequality signs <, 
X, >, апа 2. 


5.3.1. Rule. Given any two real numbers a and b there are three mutually 
exclusive possibilities: 
ab (ais greater than b) 
a=b {а equals Б) 
or a<b (aislessthan b). 


For a > b we may also write b < а. By a & b (a is less than or equal to b, 
or а is not greater than b), we mean either a <b or a = b. A stroke across 
an inequality sign means that the inequality does not hold. Thus, for 
example, 1 < 3, —2< 4, 3 € 3, 3 Y Б, —5 $ —7 are all true statements. 
So are the following statements: 

a +b if and only ifa > bor b «a 

a € b if and only if a > b 

a € b if and only if b <a, 


The next rule expresses the transitivity of the order relation. 
5.3.2. Rule. /fa « band b <c, then a € c. 


Then we have the next three rules concerning inequalities in conjunc- 
tion with arithmetic. 
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5.3.3. Rule. /fa <b, thena +c <b +c for any real number с. 
5.3.4. Rule. /fa < b, and c > O, then ac < be. 
5.3.5. Rule. /fa < band c <0, then ac > be. 
Finally we assume one more rule in relation to the natural numbers. 


5,3.6. Archimedian postulate. Given any two positive real numbers a and 
b, we can find a natural number n such that na > b. 


——Ó——————— i MÓÓ 
0 a 2a b na 


Fig. 5.3 


The last rule corresponds geometrically to the familiar process of estimat- 
ing the distance between two points (in this case О and b) by a measuring 
stick of length a; it guarantees that if we start at one point and lay off a 
succession of equal distances (the length of the measuring stick) towards 
the second point, we will eventually pass the second point (Fig. 5.3). 


From these six rules, all the other (correct) inequalities may be derived. 
Let us look at a few examples. 


5.3.7. Example. It follows from Rule 5.3.5. that if a < b, then —a > —b. 
5.3.8. Example. Show that if a > 0 then a! > 0. 

Proof. Suppose that a > 0 but a`! #0. Then either a! = O ora! < Q. If 
it were the case thata = 0, then 1 =a la- 0 * a = 0, which is impossible. 
If it were the case that a! < 0, then by Rule 5.3.4, a а! < 0. Hence 


1 < 0 which is also impossible. Therefore we must conclude that а”! > 0. m 


5.3.9. Example. Prove that if а < b and c < d, where b and c are both 
positive, then ac < bd. 


Proof. By Rule 5.34, it follows from a < b and c > 0 that ac < bc. 
Similarly, we have bc < bd. Therefore by Rule 5.3.2, we get ac < bd. н 
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5.3.10. Example. Show that given any positive real number c and any 
positive integer n, we can find a decimal number а such that |с — al < 
1077. In other words, every real number can be approximated to any 
degree of accuracy by a decimal number. 


Proof. |f we denote the approximating decimal number a by 


ао. аа ...8j.. . dq 
where ae is a natural number and the decimal digits a4, аз, .. ., 4p have 
values 0, 1, 2, .. . 8 or 9, then we require this number to satisfy the 
condition that 
49.4122... 8j & C X39. 34425 ... a, + 107 

for every / - 0, 1, 2,...,. Thus | 

|с – ао. ааа; ...а< 10. 
Now we proceed to find the integer ag and thedigitsa;, аз, ..а,; one by 
one, 


Geometrically ag is the integer such that the number c lies between 
ag and ag + 1. To find a), we apply the Archimedian postulate to the 
numbers 1 and c to find a positive integer m such that c < m. By the well- 
ordering principle, we should have a least positive integer ag + 1 such that 
€ «ag + 1. Hence 0 © а, «c «ag + 1 (Fig. 5.4). 


ао [^ 
ae ee es Le 
ао +1 
Fig. 5.4 


After dividing the interval between ag and ag + 1 into 10 subintervals of 
length 107! , we shall find that c falls in one such subinterval, say between 
аб. а, anda. a, + 107! (Fig. 5.5). 


ао 8g'1 ag*2 49° ay 49°9 agt 1 


Fig. 5.5 


Alternately we may apply the Archimedean postulate and the well- 
ordering principle to the number 107! and c — ag to get the least positive 
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integer a, + 1 such that c — ag < (a, + 1)10 ! . Then 
107!a, €«c—ag < (a, + 110^, 
i.e. 49.4, &c X а.а + 107! 
For the same reason we should be able to find the least integer а, + 1 
such that c — ао. à, < (аз + 1)10 7, Then 
до. 84,82 <c < ag. ауа + 10? 
Geometrically c falls in the subinterval of length 1072 between ao. 4,42 
and ay. ауаз + 107. 
Carrying out the process another n — 2 steps, we get a9, 81,82, . . . ân 
such that 
49.8182 ... 8p &C X 89. 8182 ... аһ +10” и 


5.4. ЕХЕВСІЅЕ 


1. Given two positive real numbers а and b, prove that a < b if and only if 
2 2 
a^ «b*. 


2. Whathas gone wrong in the following? 
472 


4 log 5> 2 log; 


` log Ps 2 log (SP 


da da 
(2) > (5) 
1 1 
1624 


3. Leta « b апас < d. Determine which of the following statements hold. 
Why? 
(1) a-c<b-d; 
(i) ate<b+d; 


aa 2D. 
<; 
(iv) ac < bd. 


4. Approximate 4/2, \/5 and 4 to the sixth decimal place. 
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5,5. SOME WELL-KNOWN INEQUALITIES 


5.5.1. Theorem. The inequality 2" > n holds for all natural numbers n = 


Proof. For n = 0, the inequality is 2° = 1 > 0 which is obviously true. 

Suppose that 2* > к holds for some k > 0. Then 
Ж*!=2*+2*>2*+1>К +1. 

Therefore by induction, 2” > n holds for al! n. н 


5.5.2. Theorem. The inequality 2" > n? holds for all integers n È 5. 


Proof. We observe first that (К — 1)? > 2 for all integers К > 5. Hence 
к? > 2k +1. 
Now we proceed to prove the theorem by induction on n. For n = 5, 
25 = 32 > 25 = 5?; the inequality is obviously true. Suppose that 2% > К? 
holds for some К 2 5, Then 
2611 22.2 >k? +k? >К? «2k &1- Ik + 1), 
Therefore the theorem holds for all n Z 5, " 


5.5.3. Theorem. /f < апа if b and d are both positive, then 


a atc [^ 
b Bad d 


Proof. |f follows from ad < be that 
alb + d) - ab + ad < ab + bc = bla +c) 


Therefore 
+ 
D ped. 
Similarly 
+ 
"ET ems и 
5.5.4. Theorem. (1 + а; }(1 +а,)... (1 +а,) > 1+ (а; +а +... +а„) 


ifn 2 2 апаа; 2 0. 


Proof. (1 +аџ)(1 +a2)... (1 tay) = 1+ (a; +а +... +а„) + C where 
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С> О since n > 2 and a; > 0. By Rule 5.333, 
1 * (ai ta t...tag)* C1 + (a, +a. +... +а„) 
Therefore (1 + а,)(1+а„)...(1+а„) > 1* (ау +а +... tas). а 


5.5.5. Theorem. (1 — 6, \(1 — 65)... (1—62) > 1 – (bj t 65 t... + by) 
ifn22and0«b;«1fori - 1, 2,... „п. 


Proof. The theorem is to be proved by induction on n. 
Forn = 2, we have (1 — bi M1 — b2} = 1 — (b, +62) t b, bs. 
Since b; > 0, b, b, > 0. Therefore (1 —6,)(1 —b2) > 1 — (b, + 55). 
Suppose that the inequality 
(1—5,41 —5,)...(1 —5,)21— (by +65 t... t bk) 

holds for some К 2 2. Then by Rule 5.3.4, 
(1—5,) —55)...(1 — b, — 5.1) 
> [1 — (bi tb, +... + Og} Бк) 
=1— (bi tb, +... t+bg + bear) t (bi thet... t bg loge 
since 1 — bey, > 0. Also (b + by +... + bulb. > О since b; > 0. 
Therefore by Rules 5.3.2 and 5.3.3, 

(1—6,)}(1 —62)... (1 — bea) > 1— (by tba +... t bai). 
Hence the theorem holds for all n > 2 by induction. и 


5.5.6. Theorem. Forn=1,2,3,... 
ur E n 
а, 2) an< (21101 * an ) 
n 
Ра; 20 (/=1,2,..., n). 


This has been proved in Example 2.7.2 by induction. 


5.5.7. Theorem. Let a), a2,..., а, and Б}, ba, . .. , b, be 2n real 
numbers. Then the Cauchy-Schwarz inequality 

(a, by tay ba +... * ay by)? < (а? tay +... +ар)(Ь +b, +... b?) 
holds. Moreover, it holds with equality if and only if there are constants k 
and h, not both zero, such that ka; = hb; forall i - 1, 2,... , n (ie. aj and 
b; are proportional). 


Proof. The proof of the inequality is based on a well-known property of 
quadratic equation that 
Ax? + 2Bx+C=0 
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has (i) two distinct real roots, (ii) one single real root, or (iii) no real root 
if the discriminant 48? — 4AC is respectively (i) greater than zero, (ii) 
equal to zero, or (iii) less than zero. 
Put 
=a? 2 2 
A=a,ta,+...+a, 
B=a,b, +а,6, +... t apbp 
c2 2 2 
C-bi +65 +... tb, 
and consider the quadratic equation 
Ах? * 2Bx +С = 0. 
Upon substitution, the left-hand side of the equation becomes 
Ax? + 28х + С = (а? +а;:+...+ад)х? + 2(а,Ьу +a2b2 +... +anbn)x + 
(b? +02 +...+b?) 
= (a,x +b}? + (ах *boY +... + (арх t ba? 
which is always non-negative for any real value of x. Therefore the quadra- 
tic equation Ax? + 2Bx + C = 0 can never have two distinct real roots. It 
follows that the discriminant 48? — 4AC <0. Thus 
В? < AC, 
proving the Cauchy-Schwarz inequality. 
For the second statement of the theorem concerning the equality В? = 
AC, we may assume that not all thea; are zero, otherwise there is nothing 
to prove. 


Suppose that there exist К and h such that ka; = hb;. Since not all the а; 
are zero, h # О. Therefore, 


k 2 
B= БА апа С = -= 
Thus В? = AC. 
Conversely suppose that B? = AC. Then the equation Ax? + 28х + С = 0 
has a single real root x = -f . By substitution, we get 
а, В а, В 
о=(—°17 12 ьо +0228 +0}? + ae + TE + bal? 
Hence for / = b. 04, 
a; B 
A cU 


proving that the a; and b; are proportional. s 
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Finally we remark that the notion of absolute value of a real number is 
entirely similar to that of an integer. Thus for any real number a, the 
absolute value of a is given by 


аіға2 0 
[а[ = 


—aifa«0 
|a] = a? 
ог (al = max(a, —a). 


Moreover the following theorem can be proved іп the same manner as its 
counterpart in Theorem 4.1.1. 


5.5.8. Theorem. For any rea! numbers a and b the following statements 
hold 


(а) —la|&as|al 

fb) |ab| = |а| 

(c) Let c bea positive real number. |a| < c if and only if с <a < c. 
(d) la* b| &lal* bl (triangle inequality) 

(e) |a—b|z]al— ibl. 


5.6. EXERCISE 


1. Prove that fora, b 20 and any positive integer n, 
а? +b" < (а +6)". 


2. На+р +с = 2, prove that ab + bc & 1 


3. If a, b andc are positive real numbers, prove that 
(a + b)b + clic + а) 2 8abc. 


4. Show that a? b + b?c +с2а tab? + bc? + ca? > Gabc for all non-negative 
real numbers a, б and c. 


5. Show that a? + b? +c? > ab + bc + ca for any real numbers a, b апас. 


6. If az b andc >d, prove that 
ас *tbd ath. etd 
2 2 2 
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7. Mf à, b, c and d are real numbers such that 
a+b? = and с2+а? =1, 
prove that ac + bd < 1. 


8. If a, b and c are real numbers such that a + b + c = 1, prove that 
ab + Бс + ca & 1/2. 


9. Let 31,85, ..., a, be n positive real numbers. Their arithmetic mean Ap 
and harmonic mean H,, are defined by 
x? a; 1 1 n 1 
Ар = 2/2151 and == Х| = 
" A H, n а; 


Deduce from the Cauchy-Schwarz inequality that Hp S A,. 


*10. Let n be an integer greater than 1. 
(a) If x is a real number greater than 1, show that 
nx"! (x = 1) 2 x^ 1» ni — 1). 
(b) Hence prove that, if 0 <9 <р, then 
np" (p — а) > p^ – 9" > п! (р — 9). 
(c) Deduce from one of the inequalities in (b) that no positive real 
number has more than one positive n-th root. 


*11. If x is a non-zero real number, show that x + 1/x has no value between 
—2 and 2. 


12. If a, b, c and d are positive real numbers, prove that 
(a +b +c +d)? > 4(ab + bc + cd + da). 


*13. If all the letters denote positive real numbers, show that 
n 
Zj.,a; 
n 
Zi, bj 
is not greater than the greatest and not less than the least of the fractions 
a;b; (i= 1,2,3,..., n). 


*14. (a) If the valuesa;, a5, ..., ак are all non-negative, and if Mmi, 72, ..., 
my are positive integers, prove that 
2,2, m;a; k | 
{= 1 HUI zm ( П gto 
" : і=1 
where M = >, mj. 
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(b) Hence show that, if qi, 92, . .. , q, are proper fractions satisfying 
» ак = 1, then 


15. If n is a positive integer and x is a positive real number not equal to 1, 
prove that 


xb 4 ых e 
n+ n c. 


16. Ifa +b > 0, prove that 
a? + p? > ate 


3 
DE QUE 
17. X1, X3, .. . , Xn are n real numbers whose arithmetic mean is X and a is 
any real number other than x . Prove that 
n = n 
У (х,—х)?< (x; = а). 
f=) j=1 


18. Ifa is a real number, prove that 
а — 1 а? – 1 
4 3 


19. If a, b and c are non-zero real numbers, prove that 
a b [^ 1 2 2 2 1 1 1 
—+-4+-< > +b’ +с* + 53+ 54+). 
b c a57. C Ta p 2) 


For what values of a, b and с is the equality sign valid? 


20. If a, b and c are three positive real numbers in ascending order of 
magnitude, show that 


21. If is a positive integer and x > 1, deduce from Theorem 5.5.6 that 
х?" рр (2n + 1)(x — 1x". 


22. |f a, b and c are the lengths of the sides of a triangle, prove that 
1 à 1 " 1 > 9 . 
atb—-c b*tc—-a с+а—Ь atbtc 


23. 


*24. 


*25. 


*26. 


28. 


29. 


30. 


31. 


32. 
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if a, b and c are three real numbers and m is the smallest of the numbers 
la — bl, |b — c| and |с — al. Show that 

3(а?2 + 52+ с?) > (a — b}? +(Ь—с)?+(с—а)?, 
and hence that à? * b^ * c? >2т?. 


By considering the sum х? . (a; — ak b; — by) or otherwise, show that if 
(a1, 82, ..., 84 ] and (b, bs, . .. , bs ) are two sets of real numbers, 
arranged in descending order of magnitude, then 
(27. adus b) <n Dä; b;  (Tchebychef's inequality) 
holds and that the equality holds if and only if 
à417à547...-aà, ог Б; = 06, =... =. 


If a, b and c are integers, not all zero, prove that 
З(а2+ b? + c?) — 2(аЬ + bc * ca) > 3. 


Ifa,,42,...,@, and bj, бз, ..., Б, are real numbers, prove that 
Var, (a; + b? < Xr a) + VEZ; b?  (Minkowski's inequality). 


. If n is a positive integer greater than 1, by using Theorem 5.5.6 and by 
considering the sums 


n; 1 
Уе and Xj. Wen 
nti 


how that 
show tha ( 2 


P >n! > (о + yt, 


Sketch the graph of the function f(x) = |x]. 


Prove that, for a given real number € > 0, |x — a] < e if and only if 
a-—€<x<ate. 


For any two real numbers а and b, prove that 
la — b| > ||а| — Jil. 


Prove that a? < b? if and only if [al < Ibl. 


If a and b are real numbers such that |a — b| < с for any positive real 
number c, prove that а = b. 
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33. For any real numbers а and b, prove that 
(а) la*b| < |а| *|b| (triangle inequality) and 
(b) la — bl > lal — Ibl. 


34. Show that |а; + а; +... +а„| S lail + |а| +... + lasl for any real 
numbers 31,25,. .. , ân. 


at+tb+|b—al 
2 

atb—|b—al 
2 


35. Show that тах (a, b) = 


and min (a, b) = 


5.7. DENSENESS OF THE RATIONAL NUMBERS 


The first six sections of this chapter deal with the fundamental 
algebraic properties of the real number system Е. These are all conse- 
quences of our basic assumptions or rules on the arithmetic and the order 
relation of real numbers. А careful reading of these rules will reveal that 
they are also valid for the smaller system Q of rational numbers. Thus all 
the results that we have obtained so far hold for the system R as well as 
for the system Q. In other words, we have not yet touched on the most 
characteristic properties, namely the geometric properties, of the system 
R. In this section we shall discuss one such property, the denseness of 
rational numbers in R, which can be derived from Rule 5.3.6, the Archi- 
medean postulate. 

In Section 5.1, we have seen that the set © of all rational numbers is a 
proper subset of the set Е of al! real numbers, i.e. there are irrational 
numbers in R. Geometrically the system R is represented by a straight line, 
the number line R. Thus on the number line we shall find two kinds of 
points, the rational points and the irrational points, representing the 
rational numbers and the irrational numbers respectively. We now wish to 
study the pattern in which these two kinds of points are distributed along 
the number line. 

Let us begin by choosing two points on a straight line to represent the 
numbers 0 and 1, say 1 on the right of 0. Then with the segment between 
0 and 1 as the unit length, we may mark off the positive integers on the 
right-hand side of O and the negative integers on the left-hand side of O, 
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Then we bisect the unit length and use a segment of length 1/2 to mark off 
multiples of 1/2. Similarly, after trisecting the unit length, we may mark 
off multiples of 1/3, and so on (Fig. 5.6). 


Fig. 5.6 


Naturally it is impossible for us to complete the task of marking off all 
rational points on the number line, because there are an infinite number of 
them, but the position of each given rational number can be located in this 
manner, one at a time. In any case, we can imagine that rational points can 
be found 'everywhere' along the number line as confirmed by the follow- 
ing denseness theorem. 


5.7.1. Theorem. Between any two real numbers there is one rational 
number. 


Proof, Let a and b be two real numbers with a < b. An application of 
the Archimedean postulate to the positive numbers 6 — a and 7 would 
yield a positive integer n such that 1 < n(b — a) and n > 0. 


Hence da 
n 
We claim that at least one of the multiples 
23.2 LU o 23 
' n’? n' n’ 'n'n'n' 


of 1/n must lie between a and b. Suppose that this were not the case. Then 
we would be able to find two consecutive multiples 

x х+1 

= and —— 

n n 


of 1/n with both a and 5 lying between them, 


Р x 
i.e. 7 <2<6 < 


It would then follow that 
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which is absurd. Therefore at least one of the multiples, a rational number 
т/п, must lie between a and b, 1.е. а< m/n <b. a 


5.7.2. Corollary. Between any two real numbers there are infinitely many 
rational numbers. 


Proof. Let a < b be two real numbers. Then by Theorem 5.7.1, we can 
find a rational number хо such that 
а< хо <b, xo EQ. 
Apply Theorem 5.7.1 to хо « b we find x, such that 
Xo €x, <b, x, EQ. 
Using the same argument repeatedly, we can find for each natural number 
n€N,a rational number x, Є Q such that 
а<хо SX SKS X Xa X Xgs1 <... <Ь. 
The detail of the induction is left as an exercise. и 


We may describe the above property of the distribution of the rational 
numbers by saying that the set of rational numbers is everywhere dense. 
This means that in every interval of the number line, no matter how small, 
there are rational numbers. Visually the rational numbers appear to be so 
dense along the number line that there would be no room left for any 
more points. However the existence of irrational numbers such as V2 (see 
Example 5.1.1) proves beyond any doubt that even after all the rational 
numbers have taken their place in the number line, there are still plenty of 
'holes' left for the irrational numbers. Using sophisticated methods of set 
theory, one can actually prove that in a way there are far more irrational 
points than rational points on the number line. 


5.8. POSTULATE OF CONTINUITY 


In this section we shall formulate our last basic assumption on the real 
numbers, the postulate of continuity. If we imagine the number line as 
being first populated by the integers and then by the rational numbers, 
then this postulate has something to do with filling the vacant positions on 
the number line so that the real numbers (rational and irrational together) 
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would form a continuum without interruption. We shall go into this aspect 
of the postulate in the subsequent sections. However, the full significance 
of the postulate wil! only become apparent in the next chapter, where we 
make use of it to study the important notions of limit and convergence, 
which are fundamental to calculus. 

Let us consider a few subsets of R: 

(1) All prime numbers. 

(2) All integers less than 10. 

(3) All positive integers less than 10. 

(4) Alt integers which are prefect squares. 

(B) All real numbers x such that —1 <x <3. 

(6) All real numbers x such that —3 < x < —2. 

(7) All real numbers x such that O <x S 5 or —4 S x S —1. 


Except (3), these sets are all infinite subsets of R. When represented on the 
number line, (b) and (6) do not show up any gaps in them while all the 
others do. These two are of a type which we call finite intervals. There is, 
however, a difference between them: (5) contains its end points —1 and 3, 
and is called a c/osed interval; (6) does not contain its end points —3 and 
—2, and is called an open interval. We use the notation [a, b] to denote a 
closed interval; thus [a, b] = (x € Rla<x <b}. Similarly we use the 
notation (a, b) to denote an open interval; thus (a, b) = (x € Rla<x< b]. 
Moreover we take note that (b) and (6) are finite intervals but they are 
both infinite sets. On the number line this is indicated as in Fig. 5.7 below: 


a 
la, b] : — nie Qus m 
a 


(a, b) : 


Fig. 5.7 


Of the seven subsets of R above, some have a greatest element and/or a 
least element while others do not. The greatest element of a subset S of R 
is defined as the real number u which satisfies the two conditions: 

(i)u€S and (ii)u 2 x гаі x € S, 
and is often written as max S. Similarly the /east element of S is defined as 
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the real number v that satisfies 
(iii) v€ S and (iv)v <x for all x € S, 

and is noted by min S. If S isa finite non-empty subset, then S has both a 
greatest element and a least element. For example, the finite set (3) has 
the numbers 1 and 9 as its least element and greatest element respectively. 
If S is an infinite set, then it may or may not have such elements. For 
example, the closed interval [а, b] has a = min[a, b] and b = maxía, Б]; 
but the interval 7 = (x € RIO& x < 1], which is neither closed nor open, 
has only a least element min7 = O, while max7 does not exist. Because for 
any X € T we can always find a y € 7 such that x « y (for instance, y = 
(1 + x)/2 satisfies x <y < 1). 

Let us consider the definitions of something weaker by dropping the 
conditions (i) and (iii). 


5.8.1. Definition. Let S be a set of real numbers. If there is a real number 
K such that 

x SK for every x € S, 
we say that S is bounded above. К is called an upper bound of S. Similarly 
if there is a k such that 

к< х for every x € S, 
then S is bounded below and К is a lower bound of S. If S is bounded both 
above and below, we may simply say that it is bounded. A set which is not 
bounded is called unbounded. 


The three different cases may be illustrated by Fig. 5.8 below. 


K 
a A a llo = 
25 sey eae J 
S 


Fig. 5.8 
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If a set S has a greatest element max S, then S is bounded above and 
max S is an upper bound of S. Similarly for the least element. In particular 
every finite set of real numbers has a greatest element and a least element; 
therefore it is bounded. 

The set S = (n/In + 1)In EZ} = (0, 1/2, 2/3, 3/4, . . .) has minS =0. 
Therefore it is bounded below. S does not have a greatest element because 
for every n/(n + 1) belonging to S, we have (n + 1)/(n + 2) also belonging 
to S such that n/(n + 1) < (n + 1)/(n + 2). But S is bounded above because 
апу real number not less than 1 is an upper bound of 5. 

If S has an upper bound K, then any real number greater than K is also 
an upper bound. Since every upper bound of S can serve as a kind of 
barrier over which S cannot extend, the best barrier is obviously the /east 
upper bound, which is a real number K such that 

(a) K is an upper bound of S, i.e. x & K for all x € S; 

(b) К — є (where € is any positive number however small) would not 

be an upper bound of S, i.e. for every є > Q there is an x € S such 
thatK —-e€< x, 
In other words, the least upper bound of S is an upper bound K of S such 
that any number strictly less than K is no more an upper bound of S. 
Similarly we seek the greatest lower bound as the best barrier on the left. 

It is easy for us to recognize the similiarity of these notions with the 
notions of greatest common divisor and least common multiple of number 
theory. If we recall that the existence of the greatest common divisor and 
the least common multiple depends on the well-ordering principle, we shall 
not be surprised that existence of the greatest lower bound and the least 
upper bound also depends on some important assumption. It is precisely 
for this reason that we should have the postulate of continuity to serve as 
a foundation stone of mathematical analysis. 


5.8.2. Postulate of continuity. Every non-empty set of real numbers, 
which is bounded above, has a least upper bound. Every non-empty set of 
real numbers, which is bounded below, has a greatest lower bound. 


5.8.3. Example. The set 5 = (n/(n + 1)|n EZ} is bounded. Therefore by 
the postulate of continuity, S has a greatest lower bound and a least upper 
bound. The greatest lower bound is 0 which is identical with the least 
element minS. The least upper bound is 1. We have seen earlier that 1 is 
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an upper bound of S. Let € > 0 be any positive number. We may choose a 
positive integer n such that n > (1 — є)/є. Then 1 — € — en <0. It follows 
that 1 — € — en * n < n and (1 — є)(л + 1) < n. Hence 1 — € & n/(n + 1), 
i.e. 1 — € is no more an upper bound of 5. Therefore 1 is the least upper 
bound of 5. 


5.8.4. Example. The set T = (x € Q|x? < 2} is obviously bounded 
above by 2. Therefore it has a least upper bound. This is the real number 
V2. V2 is obviously an upper bound. To see that it is the least of the 
upper bounds, we may apply the denseness Theorem 5.7.1. to the interval 
(V2 — €, V2), where € is a positive number, to find a rational number x 
such that V2 — e < x < 2. 


Because of their importance, we find it convenient to call the least 
upper bound and the greatest lower bound of a set the supremum and the 
infimum respectively. 


5.8.5. Definition. Let S be a set of real numbers. The supremum of S isa 
real number K such that 

(а) x &K for every x € S, and 

(b) for every positive є there is an x € S for which К — € «& x. 
In this case we write К = sup S. The infimum of S is a real number К such 
that 

(c) k &x for every x € S, and 

(b) for every positive є there is an x € S for which x < k + €. 
In this case we write k — inf S. 


5.9. EXERCISE 


1. Let S be the set of all rational numbers r such that О <r < 1. Show that 
S has no maximum and no minimum. 


2. Suppose a non-empty set S of real numbers is bounded above and 7 C S. 
Prove that sup 7 < sup S. 


3. Let f be the function defined as follows: 
fix) = X Їх is a rational number, 
Q ifxisan irrational number 


10. 
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апа іеї g(x) = ѕир {f(x} :x’<x}. Prove that 
x ifx2d 


g= |o irap 


. Suppose S is the set of all rational numbers less than a certain real 


number a. Assuming that between any two real numbers there is a 
rational number, prove that sup S = a. 


— 1 
Prove that the set 5 = (2— : n is a positive integer] is bounded above 
with sup S = 1. Does S have a maximum? 


Suppose S is a non-empty set of real numbers which is bounded above 
and T = (—x : x € S], prove that inf Т = —sup S. 


. Suppose a non-empty set S of real numbers is bounded above and a is a 


given real number. If 7 = (x ta: x ES}, prove that 
sup7 =sup 5 +а. 


Suppose a non-empty set S of real numbers is bounded above and a > 0. 
If T = (ax :x € S), prove that 
sup 7 =a sup S. 


Let c be a positive real number. 
(a) If n is any integer greater than 1/c, show that there is a positive 
integer m such that 


2 2 
m + 
m coeg mts 
n n 
2 
3m 9c 
Hence deduce that c -7 <% and that (72 y ME 


(b) Let S be the set of all numbers which are squares of rational 
numbers and which are less than c. Prove that c = sup S. 


By Example 5.3.10, given any positive real number c, there is a decimal 
approximation ap. 3,82; ... a, Of c such that 

ао. ааз ... ag SC Lao. аа ...а„ + 10 ^. 
Denote by A the set of all such decimal approximations of c. Does sup A 
exist? What is sup A?. 
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*11. 


TIA 


Given two positive real numbers a and b, consider the set 
T= {t|tENandta Sb}. 
(a) Prove that T is non-empty and bounded above and hence has a 
supremum (i.e. a least upper bound). 
(b) Let n = 1 + sup 7. Prove that na b. Does it mean that the 
Archimedean postulate is a consequence of the postulate of 
continuity? 


. Let S be a non-empty set of natural numbers. As a set of real numbers, S 


is bounded below (e.g. by —2). Therefore by the principle of continuity 
S has an infimum (i.e. a greatest lower bound). 

(a) Prove that inf SE S. 

(b) Prove that inf S = min S. 

Does this mean that the well-ordering principle as well as the principle of 
mathematical induction are consequences of the postulate of continuity? 


. Let а be a number greater than 1. 


(a) Let S be a set of positive real numbers. Prove that inf S > 0 if and 
only if there is a number x in S such that x <a inf S. 

(b) Let A be the set of all numbers à", where n = 1, 2, 3, . .. . Prove 
that inf A = 0. 


The distance d(a, S) between a real number a and a non-empty set S of 
real numbers is defined by 
dla, S) = inf T. 
where T= fla —x| :x € S). 
(a) Ifa ES, prove that d'(a, S) = 0. 
(b) If S is bounded above and a = sup S, prove that d(a, S) = 0. Deduce 
that the same is true if S is bounded below and a = inf S. 


5.10. POWERS AND ROOTS 


Let a be a real number and K a positive integer. Then we denote by ak 


the product of k identical factors a. Thus 


ak 


ak =аа. .. à (К factors). 


is called the k-th power of the number a. We sometimes call a the base 
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and k the index or exponent of the power ak Ma # 0, we follow the 
convention in putting 


The simple rules, 


а а =a 
ak pk = (abY 
(ak y? = ак" 


are easily verified. Similarly it is not difficult to show that the following 
rules on inequalities hold. 


5.10.1. Theorem. Let k be a positive integer. For positive real numbers 
a and b, 

(а) ак < bk if and only if a <b 

(b) ak « a**! if and only if 1 «a 

(c) ак?! < ak if and only if a < 1. 


Taking roots of a positive number is the operation inverse to the form- 
ing of powers. We have seen earlier that the square root V2 of the rational 
number 2 fails to be a rational number. Thus the operation of taking roots 
cannot always be carried out successfully within the confine of the 
number system @. In this respect, we may say that the system is incom- 
plete. In the next section we shall see that the extended number system R 
does not have this deficiency and that roots of positive real numbers are 
again real numbers. Meanwhile, we shall assume that our system R has this 
property and study roots of positive real numbers in some detail. 

Let us first review the definition of roots. Given a non-negative real 
number a and a positive integer К, we say that the non-negative real 
number b is a k-th root of a if 

pf = a. 


‚ b = a. 
In other words, b = wa is defined by the two conditions: 
БК =a and bz0 
Thus 4/9 = 3 and 1/9 # —3 although (—3)? = 9. For square roots where 
К = 2, we usually omit the superscript К; thus V/a - va and 42 = V2. 
It follows from the rules for powers that the following rules on roots 
hold. 


In this case, we write 
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For non-negative real numbers а and 5, 
Va" = ta" 


Similarly the following rules on inequalities hold. 


5.10.2. Theorem. For positive real numbers а and b, 


(а) Va « Nb if and only if a < b 
(b) Aa < Xa if and only if 1 «a 
(c) Xa «Va if and only if a <1. 


Proof. (a) follows immediately from Theorem 5.10.1 (a). 
(b) If 1 < a, then by Theorem 5.10.1(b), a^ < a**!, Taking the 
k (k + 1)-th root on both sides, we get 


ккк с key Күт 
Н URE < КЕТТ 
B Ka <a 


k k р 
Conversely if Wa < va, then taking the K(k + 1)-th power on both 


sides, we get aX < a**! , Therefore, 1 <a by Theorem 5.10.1 (b). 
(c) can be proved in a similar manner. = 


Another notation for the k-th root Va of a non-negative real number а 
is the exponential form a’/* Thus for any a Z 0 and any positive integer 
k, b= a!'* is the real number such that 

bk =a and b20 
From this it is easy to extend our definition of power to any rational 
exponents. If a > 0 andr = m/k is a rational number, where К > 0, then we 
define 
a! = (a). 
Then it follows from the two sets of rules that the following rules of 
rational exponents hold. 
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5.10.3. Theorem. For any positive number a and b and rational expon- 
ents r and s, 


a’ a =а'* 
a’ Ь' = (ab) 
"EP 
ae 

a 


Combining Theorems 5.10.1 and 5.10.2, we have 


5.10.4 Theorem. For positive real numbers a and b and positive rational 
exponents г < $, 

(a) a" <b! if and only ifa < b 

(b) а <a if and only if 1 < а 

(c) а? <a! if and only if a < 1. 


5.11. EXISTENCE OF ROOTS 


Though the subject of our discussion in this section and the next is of 
some importance to a rigorous study of the real numbers, we can only 
offer here the sketch of a process by which the roots of a positive real 
number can be obtained. There are two reasons for the brevity. First, a full 
description of the process would be beyond the scope of the present 
course. Second, some of the missing details will be supplied in the next 
chapter. If the reader finds the presentation natural and comprehensible, 
so much the better. If he finds it difficult to follow, he need not be 
disheartened, but should continue with the subsequent sections and only 
return to it after reading the next chapter. 

The tool for finding the k-th root is the method of decimal approxima- 
tion as described in Example 5.3.10. Recall that given a positive real 
number c, its n-th decimal approximation is given by the decimal number 
89.818; ...а„ such that for į = 0, 1, 2,..., п | 

89.8182 ...8j & C <ав.ауа,...а,+10' 
where ао is a natural number and the decimal digits а, аз, .. . , 3n have 
values 0, 1, 2,...,8 or 9. 

Let a be a positive real number and K a positive integer. We shall follow 

the method of decimal approximation to find an increasing sequence of 
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decimal numbers b, = хо. X1X2 ... Хр (п =0,1,2,...) such that 
(x9. X1X4 .. X9 Ka < (xo. X1X3 ... Xp + 1077) 

The number хо and the digits х}, X2, .. . , Xn, . . . are to be found 
recursively. 

To begin with, xo is the least natural number such that 

a< (x, + 1. 

Clearly xo exists by the well-ordering principle. 

Suppose that the number хо and the digits x1, X2, .. . , Xn are found 
and satisfy the required condition. Then we divide the very small interval 
[хо. Ху... Xn, Хо. X1 ... Ха * 107] into 10 equal subintervals (Fig. 5.9). 


—E—-———————- == 


ж * 
o 


© 
E" 2 [zi 
e = х. * 
е - е 


ax Le peal 


Бо к ж ж 
wwe c ma Fig. 5.9 7 5 
Then the 11 subdivision points satisfy the conditions > 
(xo. X1 <- -X0 Sa < (xg. х... Xn + 107 )* 
and (xg. xi .. . x90 X (Xo. ху .. ‚х1 < (xo. X4. ‚х2 LEM 
< (xo. ...х1,9) < (xo. Xi... Xn + 1077). 
Therefore the next digit Xn}, сап be found among 0, 1, 2,..., 9 such 
that 
Dixi dad Sa < (xo. Xi co ad ro HY 
Hence, by induction we have, for n =0,1,2,... 
b, = хо. Ху ...Xg and Ср = Хо. Ху... Xn + 10" 
such that 
О<2, Sbi S... Sbn Sbn S ..Xcg €... Sey Lco 


k 


k 
O«bb <<... SOE «b. 


k k 
pa Se a<. LEES, 


Consider the sets of decimal numbers 
B= (bo, bi, b2,...} and C= {co, с, C2,...} 
Both sets are bounded. Therefore by the postulate of continuity, they 
have greatest lower bounds and least upper bounds. It follows that 
sup B = inf C and (sup BY =a = (int С. 


sup В = Va. 


Therefore 
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If we may use the terminology of the next chapter, the above statements 
can be rephrased as: the sequences (55) and (сл) both converge to the same 


limit b = Va. 


5.12. POWERS AND LOGARITHM 


We have seen in section 5.10 that given a positive real number а апа a 
rational number r, the power a’ with rational exponent is defined as the 
real number 

а = (47) 
where r = m/k with m, k € Z and К > 0. Moreover, for the calculation of 
such powers, we have the rules listed in Theorems 5.10.3 and 5.10.4. 

We can use the method of decimal approximation of Example 5.3.10 to 
extend our definition of power to arbitrary real exponents. 

Let а > 1 be a real number and c > 0 be a positive real number. Then c 
can be approximated by a sequence of decimal numbers 

Cn = Хо. ХХ)... Xp 
such that Oc, €c «c, + 107^, 
O&co Se, S... Sen S... SC 
and e<...<e,+107% <...<e, * 10! «eg +1. 


Since all the с„ are rational numbers, by Theorem 5.10.4 we have 
O<a «a <... «ап <абп+і <... 


The set S = {асо асі, ...,ас",... } is bounded below by 0 and bounded 
above by a^9*!, Therefore by the postulate of continuity, S has a least 
upper bound sup S, which is a real number. We define the power a^ with 
base а and exponent c as the real number 


a^ -supS$ 
where a > 1 апас > 0. 
For the other cases, we put 
1 
cS wherea > 1,c«0 


a mnc, 
a’ 
1 -C 
ас = 1) where0O <а< 1, с# 0 
апа a? = 1 where a > 0. 


Thus for апу positive real number а and arbitrary real number с, the power 
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af is a well-defined real number. Obviously this general definition of power 
includes the ordinary power a* and root {a with positive integer K as 
special cases. For the calculation of such general powers, we have rules 
similar to those listed in Theorems 5.10.3 and 5.10.4. 


5.12.1. Theorem. For any positive real numbers a and b and arbitrary 
exponents c and d, 

(a) ас ай = 38+ 

(b) ас bf = (аЬ) 

(с) (ас) ES acd 


ас _ c—d 
(d) PE 


5.12.2. Theorem. For any positive real numbers a and b and positive 
exponents 0 «. c «. d, 

(a) a^ < b* if and only if a « b 

(b) ас < ай if and only if 1 «a 

(c) а < ас ifandonly ifa< 1. 


Unlike their counterparts Theorems 5.10.3 and 5.10.4, the proof of the 
two theorems above is no easy task. We do not wish to hold up our 
progress with further attempts in establishing these rules by approxima- 
tion, but ask our reader to accept them as valid. 

Finally we want to conclude this chapter with a brief description on the 
notion of logarithm. Again, we shall make use of the method of decimal 
approximation. Given real numbers b > 1 and x 7 2, the logarithm log, x 
of x with base b is the real number c such that 

b^ = x. 

The real number c can be obtained by a sequence of decimal approxi- 

mations с = ho. hi ħa ... hy such that 
b^ х < pento” 
for alln =0,1,2,.... In other words, the sequence of integers ho, Ay, А, 

. are to be found inductively. The integer Ao in front of the decimal 

point is the integer such that 

p^; x « ph +! 
Then by subdividing the interval [ho, Ao + 1], we find the next digit ^, 
such that 


1 


pho: Pi <x < pho Phi*10 : 
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Further subdivision of the interval [ho. Ay, hg. һу + 101] yields the next 
digit ^5, and so forth. The sequence of increasing decimal numbers 
Co SCi MOQ &... SOS... 
is bounded above, and hence has a least upper bounde ѕир{со, ¢1,...} =с 
such that 
bo = x. 
Now we put 
c = loggx. 


The rules for calculation with logarithm follow immediately from 
Theorems 5.12.1 and 5.12.2. These are listed below. 


5.12.3. Theorem. Let b > 7 and let x and y be positive real numbers. 
Then the following statements holds. 

(a) log,7 = Q and loggb = 1 

(b) log, (ху) = loggx + loggy 


x 
(c) logp C) = loggx — loggy 


(d) log,x? = dlogpx 

(е) 1одьх < loggy if and only if x < y 
(f) log,x > О if and only if x > 1 

(g) loggx = logpc logex fc > 1). 


Finally we take note that logga is only defined when the base $ is 
greater than 1 and а is a positive real number. In all other cases, the 
logarithm is not defined. Thus the logarithm of a negative number or zero 
is meaningless. 


5.13. EXERCISE 


1. Solve the simultaneous equations 
3+3 = 92-У 


Луус gx-4 
(3/7977. 


2. Solve the equation 


logio 64 
| 250 — - 
0919 250 — logio x logis 4 
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3. Ifa and b are unequal positive real numbers, prove that a? pP >a p. 
4. Show that log, 12 is irrational. 

b. Find the value of logs 32 - logy 7 · (10949 125. 


6. Show that (logio 2) (2 log4 5 + 1) = 1. 


7. Solve the simultaneous equations 
xy = 16, 
log, y = 3. 


8. Solve the equation log, x = logg (x + 6). 
9. Solve the equation log; x + log, 2 = 2. 


10. If à, m and n are positive real numbers such thata £ 1 and m > n, prove 
that 


1 1 
m Ee n 
a" + >а +a. 
а" а" 


х = 16у, 


11. Solve simultaneously 8 
log, x — logy у = 3 


6. Limit and Convergence 


Traditionally mathematics is divided into three large categories — 
geometry, algebra and analysis — though at times it is very difficult to put 
some modern topics of mathematics in one of these categories. А very 
rough outline of the classification can be given as follows. The study of 
space inaugurated by the ancient civilizations of the world, and summariz- 
ed by Euclid in his Elements, together with the variations, generalizations 
and associated studies that have since been created, is called geometry. The 
abstract symbolic study of ordinary arithmetic is called algebra. Again, it 
includes a multitude of variations, generalizations and associated studies of 
the same subject. Finally analysis consists of those branches of mathe- 
matics that are allied to or arise from the calculus. |t includes calculus, 
differential equations, integration theory, etc. The idea of a limit plays an 
important role in each of these studies. Generally, the presence of the 
concept of limit distinguishes analysis from algebra, It is precisely this 
important notion of limit that we shall study in this chapter. 


6.1. NULL SEQUENCE 


An infinite sequence (or simply a sequence) is а list of numbers a,, аз, 
аз, ..., 8g, « . . The number a, is called the n-th term of the sequence. 
The notation <а„) represents the sequence whose n-th term isa, (n = 1,2, . 
...). Thus (1) = 1, 1,... 15 the sequence whose n-th term is 1 for all n = 
1,2,...,and<(—1)") = —1, 1, —1, 1,. .. is the sequence where n-th term 
is (-1)^. 

By a neighbourhood of a point a on the number line R, we mean an 
open interval which contains the point a. For example, U = (—1, 1) = 
{х: —1 «x < 1 } is a neighbourhood of O. Since U also contains the point 
—h^, it is also a neighbourhood of —%. In fact U is a neighbourhood of 
every point that it contains. Given any positive number € (read ‘epsilon’) 
and any point a on the number line, the open interval 

V=(a—e,ate)={x:a-ex<x<ate}={x:|x—-—al<e} 
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is an interval of length 2e with mid-point а, V is a neighbourhood of a 
and is called an e-neighbourhood of a. 

One type of sequences that possess a particular property in relation to 
the number О (zero or null) shall play a very special role in our discussion. 
They are called the nu// sequences. Before we formulate a definition of 
null sequence, let us consider an example of such sequence: 


(а)=1,т,—.,...,—,... 


whose n-th term is the number a, = 1/n. 

We observe that all terms of the sequence (aj) are positive and none of 
them is 0. Moreover, the n-th term a, = 1/n gets smaller as the index n gets 
larger. Thus (aj? has the property that the term a, gets closer and closer to 
О as п increases. 

However this very descriptive property still does not bring out the 
special relationship between the sequence (a? and the number О because 
as n increases, a, also gets closer and closer to —1/2, —1 as well as any 
negative number. A sharper observation would be that the term a, can get 
as close as we like to the number О. 

The sequence (а) has indeed this property. For example, if we wish to 
have a term am within one millionth of the unit length from the number О, 
we may take any term ám with m > 10°. This is an improvement upon our 
first observation because a, cannot get within a distance of 10! to the 
number —1/2 nor within the same distance to the number —1. However, 
this description also suits other sequences which are of a different type. 
Take, for example, the sequence (bp) 


1 
<) "e 1, 2 m 3 " 
whose n-th term b, is given by 
if n is odd 
b, = 1 

1—-— ifniseven. 
n 


The term 5,600001 is within a distance of one millionth of the unit length 
from О while 5,600002 is within the same distance from 1, and terms still 
closer to O ог їо 1 сап be found easily. The graphs of the sequences (aj? 
and (54? will reveal their relationship to the number 0 more prominently. 
From Figs. 6.1 & 6.2, we see that а) has the property that given any 
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Fig. 6.1 


Fig. 6.2 


neighbourhood U of 0, all the terms of the sequence (ap), except a finite 
number of them (some initial segment), fall into the neighbourhood U, 
while {bn} does not have this property. 

For example, if U = (—e, є) is an e-neighbourhood of O with a very small 
€ = 107$, then a, € О for all n > 10°, while the terms that do not fall into 
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U are those of the initial segment а}, 35, . . . , 44000000. On the other 
hand, the sequence (bp) is seen to oscillate between the greatest lower 
bound 0 and the least upper bound 1; therefore (bp? does not have the said 
property. Reformulating the above property in terms of distance from the 
point 0, we have the following formal definition of null sequence. 


6.1.1. Definition. A sequence (aj) is called a null sequence if the 
following condition is satisfied: Given any positive є > 0 (no matter how 
small), there is a number N such that la, — O! < e for all n > №. In this 
case we also say that the sequence (aj) converges or tends to О or that Q is 
the limit of the sequence (as). The usual notation for this is lim. an = 0, ог 
lim a, = 0, or simply a, > O 


6.1.2. Remarks. We take note that the number N in the above definition 
depends оп the given positive number є. Take (a) = 1, 1/2, 1/3,..., 1/n, 

. . again. For € = 1, we find N = 1, or any other value will do. For € = 
107, N has to be at least 10. In general, we need larger values of N for 
smaller values of e. Clearly (a5? = 1, 1/2, 1/3, . . . , 1/n, . . .isa null 
sequence. If (ap) is a null sequence and if € and N form a pair that has the 
required property of Definition 6.1.1, then the infinite ‘tail’ амы, амъ, 

. . of the sequence а) will fall in the neighbourhood (—e, є) of O, while 
possibly some of the terms among the finite ‘initial segment’ а;, а,,..., 
ay may fail to do so. Therefore, being a null sequence is essentially a 
property of the ‘tail’ of a sequence (aj? while the behaviour of any one 
'initial segment' is unimportant. 


6.1.3. Example. The constant sequence (ал) = 0, 0, ... (i.e. ag = О for all 
n) is clearly a null sequence because every term of the sequence is in any 


€-neighbourhood of 0. 


6.1.4. Example The sequence 


1 1 1 
бап) = lg agree: 
, -1^,. _ (—1)” 
whose n-th term is a, = , is a null sequence. Thus lim = 0. 
п n»oo П 


Notice that while (1/m approaches its limit O from the right-hand side 
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of the number line, the sequence ((—1)" /n) tends to 0 oscillating about its 
limit О. 


6.1.5. Example Consider the sequence 


1 1 111 1 
=1,5,5, 1,2, 2,5,5.. 
(an? 33: 'B'e'7'2 
whose n-th term is given by 
1 if n is not a multiple of 4 
an = 1 | я | 
m if n = 4m is a multiple of 4 


(an? is a null sequence. Thus a, > 0. In contrast to the previous examples, 
where the terms get steadily closer to the limit O, it is not true that every 
term of the present sequence is closer to O than its preceding term. 


6.1.6. Example Show that 


im al Oe а 
nooo П? +3n+7 
п+ 9 2 
Proof. Let a, = PEETER] Ena and bp = = for alin = 1, 2, ... Then for all 
n > 9, we have 
NM NU m 
ап 1 +3п+7 ^ m п" 


These inequalities show that the sequence (а, is ‘sandwiched’ between the 
constant sequence (0? and the null-sequence (54? from n = 10 onwards. 
(Fig. 6.3). 


ал+ 9n Dns On 


Fig. 6.3 


As n increases, Б, approaches to its limit О from the right, pushing aj, 
which is always to the left of b,, towards O at the same time. Therefore 
ар —7 0. " 
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6.2. EXERCISE 
1. Find the limit of the sequence {up } as n > е if up = (n? + 4)/(n? — 2). 


2. Suppose lim a, = 0 and each a, > 0. Prove that the set of all numbers a, 
nooo 


actually has a maximum member. 


3. Showthat (a) lim di-0 (a > 0), 


n»oo П 
(b) lim (Vn * 1 — n) = 0. 
noo 


4. If, for some real number k and any positive integer n, 
Oca, «kb, апа limb, =0, 


noo 


prove that lim a, = 0. 
noo 


5, If lal<1, prove that a^ > 0 as n > оо. 


6. Show that lim ($/n? + — Vn +1) = 0. 


noo 


7. Evaluate lim (Vn? * 1 — n). 
noo 


8. Iflima, = O0, show that lim Aa, = 0 for any real number А. 
noo noo 


6.3. CONVERGENT SEQUENCE 


To obtain a definition of convergent sequence we merely have to 
formulate the relationship between the terms of a proposed sequence(a,) 
to a fixed number a similar to that between a null sequence and the 
number 0. 


6.3.1. Example. Consider the sequence 
143 cet 
'2'3'47 777 n ptt 


‹а„›=2 
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whose n-th term is a, = 1 + (—1)""! /n. Some terms of the sequence are 
shown in Fig. 6.4 below. 


а, 


Fig. 6.4 


Similar to the way in which the terms of a null sequence tend to the 
number 0 as n increases, the terms of the present sequence 4,,) tend to the 
number 1, in the sense that given any €-neighbourhood of 1, one entire 
‘tail’ of the sequence is trapped in the neighbourhood (аз, аз, ао, . . . in 
Fig. 6.4). More precisely, given € > 0, let N = 1/e. Then 

—e < (-1) ^! /n <e 
for all index n > N. Therefore 1 — є < a, < 1 + € for all n > М, i.e. all 
the terms a, of the sequence (ay) with n > N belong to the e-neighbour- 
hood (1 — e, 1 * €) of 1. Thus we see that the relationship between a null 
sequence and the number O is entirely similar to the relationship between 
sequence а) and the number 1. This leads us to say that the sequence 
(an? converges to the limit 1, and the following formal definition. 
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6.3.2. Definition. A sequence (a4? is said to converge to the limit a if 
given any € > 0, we can find a number №, such that |a, — a| < € for any 
n > М. We then write lima, =a, lima, =a orap >a. 

noo 

6.3.3. Remarks. 

(1) The number N in the above definition depends on the given positive 
number є. To emphasize this dependence, some authors use the 
functional notation M(e) instead of N. However, such notation may 
convey a wrong impression that the number N would be unique for 
each given € which, as we have seen in the case of null sequences, is 
not true at all. Therefore the simple notation N is preferred. 

(2) It is more convenient not to insist on N being a positive integer. 

(3) In testing the convergence of a sequence, we shall emphasize on small 
values of € > 0. Usually the smaller the value of e, the larger shall be 
the value of N. The following table shows some corresponding pair of 
values of € and № for the sequence (a4? of Example 6.3.1. 


€ N 
0.8 1.25 or greater 
0.45 2.22 or greater 
0.1 10 oor greater 
0.01 100 or greater 
10719 10!? or greater 


(4) The symbol n > œ just expresses the unending growth of n and is read 
‘as n tends to infinity’. We emphasize that infinity (оо) is not a number 
and the word 'infinity' has to follow 'tends to' in order to have a 
meaning. 

(5) When a given sequence (aj? is represented graphically as in Example 
6.3.1, the statement a, > a means that, however small є is, there is a 
vertical line x = N such that all represented points of the sequence to 
the right of it lie within the band between y =a —eandy =a + є. 

(6) lima, =a is clearly equivalent to (a, — a) being a null sequence. 

(7) A sequence that converges to a limit is called a convergent sequence. 

(8) It is easily seen that the behaviour of a sequence as regards to 
convergence is unchanged if we omit or alter a finite number of terms 
dg. 

(9) Clearly all null sequences are convergent sequences. 
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6.3.4. Example. Let (xy) be the sequence whose n-th term Xp = 
do.di ... d, is the n-th decimal approximation of \/2 such that 

x» S2< (x, + 1077)? 
Then lim x, = V2. 


noo 


6.3.5. Example. |f a is a real number, then the constant sequence (a4) = 
8,8,...,8,... (ag =a for all n) tends to a. 


6.3.6. Example. 1+ а is a positive real number, then lim Va = 1. 


Proof. We have three cases to consider according to the value of a: a = 1, 
а> 1 ог а < 1. The first case where a = 1 is trivial. 
Suppose that a > 1. Then by Theorem 5.10.2, we have Va > 1. 
Therefore we can write 
Va = 1 +, 


where hp is a positive real number. By Theorem 5.5.4 we get 
a=(1+h,)" > 1 -nhs. 
It follows that 


бен = 1 


апа 
а – 1 


Ма = 1+1, «14 


This means that the distance between \/а and 1 is less than (a — 1)/n. Asn 
increases this distance tends to O, which means that Va tends to 1. 
Finally, suppose a € 1, then Va < 1. If we write 


14K, 
where kp is a positive real number, then 
1 1 
a= пет < «nk 
and о<к„< (2—1). 
п а 


As п increases, kp tends їо О and hence Qa = 1/ (1 + kj) tends to 1. 
Therefore, we have proved that in all cases Va 1 for a > 0. " 
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6.4. DIVERGENT SEQUENCE 


Sequences that do not converge (to a limit) are called divergent 
sequences. Among the divergent sequences, some have terms that grow 
beyond all bounds. 


6.4.1. Example. The sequence lap? = а, 2а, За, . . . whose n-th term is 
à, = па, where а is a positive number, is a divergent sequence. Let x be a 
real number and € > O a positive number. Then by the Archimedean 
postulate, for every number N there is a positive integer n such that N <n 
and x + e < na, i.e. |a, — x| > є. Therefore (ap? does not converge to any 
number x. In other words, the sequence (ap? is divergent because its terms 
an grow indefinitely as п increases. To express this state of affair, we write 


an 99 


(read a, tends to infinity). Again the symbol œ does not represent any real 
number and the notation ‘a, —> оо’ means that a, is greater than any given 
number x for all sufficiently large n. 


Similarly we have divergent sequences whose terms diminish beyond all 
bounds. 


6.4.2. Example. The sequence (55) = —1, —\/2, —\З, . . . whose n-th 
term is b, = ул is a divergent sequence. Clearly b, can be chosen to be 
less than any given х — є, i.e. |b, — xl > є. In this case we write 

bn >- 
(read b, tends to negative infinity). Like œ, the symbol —оо does not 


represent a real number. In particular, it makes no sense at all to write 
оо tà,  —oo-tb, оо +оо, оо — оо, ete, 


There аге also divergent sequences that neither tend to infinity nor to 
negative infinity. 


6.4.3. Example. The sequence (c, = 1, 1/2, 1/3, 3/4, 1/5, 5/6, whose 
n-th term is given by 
if n is odd 
Cn = 


1 -i if n is even 
n 


is a divergent sequence. (cp?) does not converge to any number but 
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oscillates between О and 1, for as n increases, it gets closer and closer to 0 
or 1, according to whether л is odd or even. Therefore it is divergent and 
tends neither to infinity nor to negative infinity. 


6.5. EXERCISE 
Зп? + 1 
. Find ti 

1 in т п — 5g 

2. If lima, = /, prove that lim lan! = I/I. 

noo noo 

3. (a) If O Xa < 2, prove that a  4/2a < 2. 

(b) Prove that the sequence V2, У2,/2. V2. ENSY . . . converges. 
(c) Find the limit of the sequence in (b). 
4. Ех = (хла + X54)/2, (п = 0, 1, 2, .. .), prove that 
lim x4 = (хо + 2x,)/3. 
noo 
2а? x y, +a? 

Б. Let ха = x, a and Урі UT (п =0, 1, 2,...) 
If xo > 0, уо > O and a > 0, by considering (a — ху )/(а + x51) and 
(упат —а)/(ул,1 + a), prove that lim x, = lim y, =a 

noo noo 
*6. (a) Ify = (ax + b)/(x + c) and А, и are the roots of the equation 
x! +(c—a) x —b=0, 
— + — 
show that y X. CHX A 
у-н с+\ х-и 
(b) If an@n4, — Plân — аһ) = а? for all natural numbers n and pag > 0, 
prove that 
р 
ї—>0, 
9 "9 
lima, = 4-g #2 <0, 
пэоо 9 
О ifg=0. 
7. 1#а > 1, prove that a” > ос as n > co, 
8. Letq be a positive rational number. Prove that n? > со as n > оо, 


168 Fundamental Concepts of Mathematics 


6.6. SUM, PRODUCT AND QUOTIENT OF CONVERGENT 
SEQUENCES 


In the previous sections, it has not been too difficult to guess the limits 
of the convergent sequences even if they are not explicitly given. In 
general, it is not easy to determine whether a given sequence converges and 
what its limit is. There is no standard computational procedure that always 
gives the correct answer about limit and convergence, but there are some 
useful methods which are applicable to a variety of sequences. The first of 
these methods involves some algebraic operations on the terms of known 
convergent sequences. 

Consider, for alln =1,2,..., 


b,-71 and ep = (-1)"/n. 


Clearly the constant sequence (bp) converges to 1, while (c4? is a null 
sequence. Taking the sums of the corresponding terms of these two 
sequences: 


an =bn ten = 1 + (1) /n 


we obtain the terms of the convergent sequence (a5) of Example 6.3.1, 
which is seen to tend to 1 as л increases. This suggests that we may obtain 
useful results by looking into some algebraic operations on convergent 
sequences. 


6.6.1. Theorem. Let (aj) and (bp) be two convergent sequences with 
an > a and b, > b. Then (a, + bn? and (а,Ь) are convergent sequences 
such that 

lim (an + b,) = lima, + limb, =а +2 

lim (an b4) = lima, * lim b, = ab 
Moreover if b, # O for all n and b # О, then (a,/b,) is a convergent 
sequence such that 
lim ap 


Proof, For the convergence of the sum (a, + b) we have to show that the 
sequence (a, + bn) — (a + b)? isa null sequence. This leads us to consider 
the following inequality: 

Ha, +6) — (8+6) = (а, – ај + (b, — b)! < la, — al + lb, — bl 
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The right-hand side and hence also the left-hand side of the above inequal- 
ity can be made as small as we like for a sufficiently large n. Therefore the 
sequence in question is a null sequence. Alternatively, we can work 
according to the prescription of Definition 6.3.2. Given any € > 0, as є/2 
> 0, we have №; and №; such that 


lay —al«€/2 foralln >N, 
lb, — bi < €/2 forall n > №,. 


Therefore for all n > max(N,, N2) we get 
la, + by) — la*b)i&la, —al* lb, —bl«e. 
Either way we have shown lim(a, + 6.) =а +b. 
Similarly for the convergence of the product (a, by), we may use the 
inequality: 
lapb, — ab| = la, — a) bn + (b, — bh al 
| < la, — al lb | + lb, — bllal 
Now it follows from b, > b that for the positive number |b}, there is an 
index NW such that if n > N, then |b, — b| < |b| and hence |b,| < 2151. 
Thus if we put 
К = max(Ibi |, [bal . . .. 1641. 2161) 
then |b | € К for all n. Therefore we obtain 
lanbn — abl & |a; — al К + ib, — bllal 
from which a,b, > ab follows. 

Finally for the quotient, it is sufficient to consider the special case 
lim 1/b, = 1/b where b £ О and b, £ О for all n. These conditions on the 
limit and the terms of (bp? imply that there is a positive number L such 
that L < |b,| for all n. To see this, we first find an index N such that if 
n> М, then |b, — b) < [b|/2, and hence 

lbnl = lb + (b, — b) = Ibl — lbn — b| > 151/2. 
Thus we may put 


L = min(|bii, [b51, . ... Ibyl 101/2). 
Now the convergence of (1/5) follows from the following inequality 
1 1] [5-b, 1 
5" bb < тр |n – 61 a 
6.6.2. Example. How does 
s= =n? +5п +7 
" Зл? —2n—6 


behave as n > со? 
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Solution. Rewrite s, as 


ee (=n? * 5n + 7)/n? _ п | 
^ (3$? — 2n — 6)/п? _2 
п 


Consider separately 
5 7 2 6 
= —1 +—+ = os . 
an 1 ТЕСЕ апа b, = 3 БОРТ 
Now (aj? is the sum of the sequences (—1), (5/n) and (7/n?). By 
Theorem 6.6.1, we get lim a, = —1. Similarly lim 5, = 3. Therefore 
lim s, = lim (a5/b,) = —1/3. п 


It follows from this that it is entirely justified to approach the same 
problem in an intuitive manner by thinking that the terms 5n and 7 of the 
numerator of s, will become negligible in comparison with the leading 
term =n? for very large values of n. Similarly, we may think that —2n and 
—6 of the denominator of s, will be insignificant in comparison with the 
leading term 3n? for large values of n. Therefore as n increases indefinite- 
ly, s, becomes about the same as the quotient —n?/3n? = —1/3 of the 
leading terms, and hence lim s, = —1/3. In other words, the highest 
indices in the numerator and the denominator will predominate and 
determine the limit of the quotient. Thus as n — ©, 

п? + 1 
п? – 1 


— 1 


—n? +5 


= — 
n? +2п? +1 9 


n? +2п? —1 
— — 
1005? + 7n + 1 


6.7. THE SANDWICH THEOREM 


Another effective method for the evaluation of limit is the so-called 
'sandwich' theorem, a special case of which has been used already in 
Example 6.1.6. The idea is to put the proposed sequence (a4? between two 
convergent sequences (x4) апа (у) which tend to the same limit a. As n 
increases, the interval between x, and y, gets smaller and smaller while 
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retaining the term a, within. Thus as both x, and y, tend to а, аџ is 
forced to tend to the same limit a. 


6.7.1. Sandwich Theorem. Let (x5), (Yn? and (а) be sequences. If lim x, 
= lim y, = aand x, San & y, for all n, then (aj) is a convergent sequence 
and lim a, = a. 


Proof. Graphically the three sequences are related to one another as 
below (Fig. 6.5): 


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 


Fig, 6.5 


The vertical bars аге the intervals [х„, yn] and the notches across are the 
values of а. The shaded horizontal band represents an e-neighbourhood of 
a. Since both x, > a and у, > a, the vertical bars will eventually (i.e. for 
sufficiently large л) fall within the shaded horizontal band. In terms of є 
and N we proceed as follows: 
Given any є > 0, let V, and N, be numbers such that 

Ix, —al«e foralln > N, 

[уһ —al€e гал >N. 
Then for all n > № = тах (M,, N;) 

a—€<x,<ate and а—є<у„<а+є, 
Since x, San «у, for all n, 

a—€< xp San «у, <ate foralln>N 

a—€<a, <ate 

la, —al«e foralln >N. 
Hence a, — a. " 
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A particularly useful corollary of the Sandwich Theorem is the 
following: 


6.7.2. Corollary. /f (у„) is a null sequence of positive terms and if 
la, — al € y, for all n = 1, 2,... , then the sequence (aj) is convergent 
and lim à, = a. 
Proof. The inequality la, — al& y, can be rewritten as 

а – yg Sap Satyn. 
By the sum rule, both (a — ул) and (a + yp) are convergent. Therefore 
(a — yn) — a and (a + у„) — a and hence ap — a by Theorem 6.7.1. ш 


6.7.3. Example 1+0 <а < 1 then а? — 0 as n — о, 


Proof. Put a, = a" and 1/a = 1 + A where h > О. Consider the sequences 
(xp? and (yp? whose n-th terms are respectively 
Е _ 1 
Хп = 0 and y, EFT 
Then it follows from 


1 
at (1+h)">1+nh foralln 22 


that O <a, < 1/(1 + nh). Therefore x, <a, < yn (for all n > 2). Since 

Xn — 0 and y, — 0, it follows that a, — 0, i.e. a^ — 0. и 
5 

6.7.4. Example. \ a, =\/4n* — 5n + 2 — 2n, then ap Pasa 

Proof, By completing the square, we have 


prend 
4n? +50 +2 = (2n +2) +16 


Then a4 -3 


V/4Am +5n+2 - (2n +2) 
(\/4n? + 5n + 2)? — (2n +3) 
7 5 
vánt + бп + 2 + (20 +7) 


: 7/16 p 


1 
Jan? +5п +2 + Qn 2] i 


Therefore by Theorem 6.7.2, lim a, = 5/4. " 
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6.8. EXERCISE 


1. Prove that lim Yn = 1. 


no 


2. Let x be a positive real number and let N be the smallest integer greater 


than x. Prove that 
x" xN xn 
"E AUN" n> №). 
ni i-a tw! >м) 


x" 
Deduce that; э О аѕл > оо, 


п! 
3. Show that lim —, = О. 


no 


4. Leta be any positive rational number and let |x| < 1. 
(a) Show that there exists a natural number N such that 


aeu |x| & 1. 


(b) Deduce that |n?" x |< |M?" xN] (n > М). 
(c) Hence show that n?x" > О as n > оо, 


5. (a) 1#0 «a «b, prove that 
2ab 
a <р +b <Vab <b. 


(b) Two sequences (x, ) and (y, } are defined inductively by 
X1 = 1/2, У! = 1, 


Xn =VXn-iNn-1 (п1=2,3,4,...) 


and — -l( 4-15) (-22,3,4,.. 


Уп 2 Xn Yma 
(i) Prove that xp- <х„<у„<у„-, (п = 2,3, 4,...). 
(ii) Deduce that both sequences converge to the same limit /, where 
1/2 «1 « 1. [Actually / = л/4.] 


6. ух! -xQ + 1/4 for any positive integer n and x, = a, prove that (x, ) 


is an increasing sequence. If 0 <a < 1/2, prove that lim x, = 1/2. 
поо 


if à 221/2, prove that the sequence {xp } is unbounded. 
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7. Asequence (x, ) is defined by the relation 
x171 and хь =ухь +1 (п =1,2,3,...), 
+ 
prove that lim x, = L vs 


n»oo 2 


8. Letx > 0. Prove that lim x?” = 1, 
nooo 


9. Ifa>b>Oand ap, b, are defined by the recurrence relations 


ау =a, 
bo = b, 

_ап-1 + Ёһ-1 
rn =, 
b. = 2an-1 Dni 

IDEE 
3n-1 mi 


(a) Prove that, for any positive integer л, 


328,28427...28ap» bg >...> 6, >} >. 


—b 
and ap ~bn<"*F . 


(b) Prove that lim a, = lim b, = Vab. 
noo 


nooo 


6.9. MONOTONE SEQUENCE 


The methods of the last sections consist in comparing a proposed 
sequence, whose convergence is being tested with some known convergent 
sequences. Therefore, we should have a large reserve of known convergent 
sequences to give these methods a wide scope of applications. We shall see 
in this section that monotone sequences will provide us with a large supply 
of useful convergent sequences. 

A sequence (aj) is increasing (notation a, 7) if 

à, &84,1, In = 1,2,.. ). 
Similarly a sequence (bp? is decreasing (notation b, \) if 
| bn 26,41 (п = 1,2,...). 


Increasing and decreasing sequences are called montone sequences (Fig. 
6.6). 
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(a, 


ба) is increasing (bj? is decreasing 


Fig. 6.6 


We say that the sequence (a5? is strictly increasing if ag Sani (п = 1, 
2,...) and that (bp? is strictly decreasing if b, > bpa (п = 1,2,..). 


6.9.1. Example. ({—1)") is not a monotone sequence. 


6.9.2. Example. |f a 1, then (a^) is a strictly increasing sequence that 
tends to infinity. 


6.9.3. Example. The constant sequence (1) = 1, 1,... is an increasing 
(and also a decreasing) sequence that tends to 1 as л > со, 


6.9.4. Example. |f 0 X b < 1 then (5^) is a strictly decreasing sequence 
that converges to 0. 


6.9.5. Example. Let (x4? be the sequence whose n-th term x, is the 
n-th decimal approximation of V2. Then (xp? is a increasing sequence that 
converges to \/2. 


We say that a sequence (cp? is bounded above (respectively bounded 
below) if the set 
{ealn 2 1,2,...) 


of its terms is bounded above (respectively bounded below). The 
monotone sequences of the last three examples all converge and satisfy the 
boundedness condition. More generally, we have the following important 
theorems. We shall see that in the proof of these theorems, the postulate 
of continuity will play a most crucial role. 
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6.9.6. Theorem. An increasing sequence (an? converges if and only if it 
is bounded above. Іп this case as n > co, a, tends to the least upper bound 
(i.e. the supremum) of the set of terms of (as). 


6.9.7. Theorem A decreasing sequence (bn? converges if and only if it is 
bounded below. In this case as п > оо, b, tends to the greatest lower 
bound (i.e. the infimum) of the set of terms of (by). 


Proof. Let (a4? be an increasing sequence. If (a4? is not bounded above, 
then a, > со as n > ©, Therefore (an? is divergent. 

Conversely assume that (an? is bounded above. By the postulate of 
continuity, the set S = (a, 1n = 1, 2,...} of terms of (aj? has a least 
upper bound K which is a real number. We contend that a, > K as n > œ 
(Fig. 6.7). 


Fig. 6.7 


By the definition of supremum, K has the properties 
(i) a, SK foralln-1,2,... 
(ii) given any e > 0, К — e < ay for some N (i.e. К — є is no more an 
upper bound of S). 


Therefore for any €-neighbourhood (К — e, К + є) of К there is an index V 
such that K — e < ay. Since a, ^, it follows that for n > №, 
K-—€<ay «ад. 
On the other hand, by (i) above, a, < K. Therefore 
an & K t €. 


Limit and Convergence 177 


Hence for all n > N, 
K—e«ca,«K«e, 
proving that a, > К as n >œ, 
The proof for the convergence of a decreasing sequence (b? which is 
bounded below is similar. Alternatively we may consider the increasing 
sequence (—b,,) and apply the result just obtained. a 


6.9.8. Example. Let x, = 1 + 1/2 + 1/3+...+1/n (п =1,2,...). Then 
the sequence (x? is a strictly increasing sequence. By Theorem 6.9.6, the 
sequence (xp? is convergent or divergent according to whether it is 
bounded above or not. We shall see that it is not bounded above and hence 
divergent. 

Let G > 0 be an arbitrary positive real number. By the Archimedean 
postulate, we can find a positive integer m such that 2G < m. Now for апу 
n Z 2", we get 

ар = 1 узды +1 boty tom 
1.1 1 1 


1 1 1 
= (1 ад (et... tg)t...+ Сотту... m! 


otim 
ele. 2 


> б. 
Therefore a,, increases indefinitely without bound. Thus 
1.1 1 

Ttotat...+—) ә оо а л > oo, 
| 2 3 n | 

1 1 

mwt... te. 

2! n! 

Then the sequence (yj? is a strictly increasing sequence. We shall show 

below that (у) is bounded above and hence convergent. 

It follows from the inequality n! > 277! that 


6.9.9. Example. Lety, =1 +2, + 


1 1 1 1 1 1 
Yyncl*q tp tee tap St tata terr) 
1-(4)° 


| 
——d— =1+20-(5 "<3. 


li 
= 
+ 
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Thus y, < 3 for all n = 1, 2, . . . Hence (yp? is bounded above and 
convergent. We shall denote the limit of the sequence (ул) by e, which is a 
very important constant in mathematics, and call the real number e the 
base of natural logarithm. Thus 
lim (1 + кн ) =e. 

Moreover since 3 is an upper bound of the sequence у), it follow that 
e € 3 and 

yi <у, <уз L... Le <3. 
The terms of (yp? can be taken as approximations of the constant e; the 
larger the index л, the better the approximation of e. 


In Section 2.7 we have met the sequence of Fibonacci numbers 1, 1, 2, 
3, 5, 8, 13, . .. The terms of this sequence are defined by the recursive 
formula (or recurrence relation) F(k + 1) = F(k — 1) + Fik). It is clearly an 
increasing sequence which tends to infinity. In the following example, we 
shall study a convergent sequence whose terms are defined by a recursive 
formula. 


6.9.10. Example. Consider the sequence (г„) whose terms are defined 
recursively by 

1 4 
= — + — n=1,2,... 

2 (Zp zi ) | ЖАЛОО 

We observe that all terms of the sequence 2) are positive and by the 
recurrence relation above, they satisfy the following equation: 


Zi =4 and Z4, 


22 — 220.) 2р +4= 0, п=1,2,... 
In other words, such quadratic equations іп the unknown 2, have positive 
solutions. Therefore, the discriminants of these equations are non-negative. 
i.e. Qz,4? — 4? 20 
f Zn+1 22, forn=1,2,.... 

Hence the sequence (z4? is bounded below by 2. 

Next we wish to prove that (z,) is a decreasing sequence. Now for all 
n=1,2,.... 

1 4 
Zn —Zp4 = 7n — 5 Un "e 
1 


7 22, 


i, —4)2 0. 
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Therefore the sequence (z4? and so also the sequence (z4,;? converge to 
the infimum k of the set S = {z,|n = 1, 2,...} of the sequence. Using 
the equation 
Zn — 22.1 20 +4= 0 
and the sum rule as well as the product rule of convergent sequences, we 
get 
k? — 2k? +4 = 0. 

Therefore k = 2 or k = —2. But —2 cannot be the infimum of S since S is 


already known to be bounded below by 2. Therefore 2 is the infimum of S 
and hence Z, > 2 as n > оо, 


6.10. CAUCHY'S CONVERGENCE TEST 


The two theorems of the last section provide a criterion of convergence 
for monotone sequences, which is without reference to a limit. In this 
section, we shall study a general criterion of convergence of all sequences 
which is expressed through the terms of the sequence alone. 

Now, if a sequence (34? converges, then its terms will eventually be 
confined to every arbitrarily small neighbourhood of the limit. Or without 
reference to the limit, we may say that for sufficiently large indices m and 
n, the distance between ám and a, can be made as small as we like. More 
precisely, a necessary condition for the convergence of the sequence (aj) 
is that given any € > 0 there is a number N such that |a, — am|<e, 
provided that m and n are both greater than N. 

Indeed if (a5) > a and € > 0 is a given positive number, then for €/2 > 0, 
we have a number N such that |a, — al < €/2 for all n > N. Now if 
m, п > М, then 


lan — aml = Ка, — a) — (am — a)l 
< lan — al + lam — al 
«e, 
proving the above condition to be necessary for the convergence of (aj? 
(Fig. 6.8). 
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The French mathematician Augustin-Louis Cauchy (1789—1857), who 
had contributed much to the foundation of modern mathematical analysis, 
proved that the above intrinsic condition is also sufficient for the conver- 
gence of the sequence (a4). We formulate this important result in the 
theorem below. 


6.10.1. Cauchy's Convergence Test. Let (a4? be a sequence. If for every 
€ > Q, there is a number N such that 


lan — amd «€ 


whenever both indices m and n are greater than N, then the sequence 
(aj) is convergent and possesses a limit. 


Intuitively, the idea of Cauchy's test is quite simple if we consider the 
diagram above; however its proof requires some rather sophisticated 
techniques, which are beyond the scope of this book. Since we shall only 
use it in a few instances in the subsequent sections, we may simply accept 
its validity. In the appendix of this chapter, we shall, for the sake of 
completeness, give a proof of the test. Meanwhile, we shall use the test to 
obtain further examples of convergent sequences. 


6.10.2. Example. Consider the sequence (a5? whose terms are given by 
the following initial values and the recurrence relation 


1 
a, 70, a,=1 and алу => @n—1 +ап) forn-2,3,... 


In other words, every term of the sequence is the arithmetic mean of the 
preceding two terms. Therefore, the sequence (ap) is пої a monotone 
sequence. Though it is easily seen to be bounded by О and 1, the criteria 
for convergence of Theorems 6.9.6 and 6.9.7 are not applicable to the 
present sequence. Let us now examine the sequence by Cauchy's test. For 
the distance between two consecutive terms, we have 


1 1 2.3 
la; — ail = 1, las — а) | EET lag — asl NOEL làn +1 — алі = nai 


If m > п + 1, then it is easy to see that the term am lies between a, and 
арі. With the distance between consecutive terms decreasing every step 
by half and with all following terms lying in between, we see that the 
sequence (aj) satisfies the condition of Cauchy’s test. Therefore (a5) is 
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convergent. Moreover, we can po by induction that 
(—1)” 
„20 + 73v ). 


Therefore a, > 2/3 as n > оо, 


6.10.3. Example. Take the sequence (x4? of Example 6.9.8 where 
1 
=1+=+...+= (0212... 
n=l 2 n (п = 1, 2, ) 


Then for every n we have 


1 1 1 

Kan —Xal= [pri 991 28 
1 1 
77 73 


Therefore, for any є < 1/2, no number N can be found that can satisfy the 
condition of Cauchy's test. Therefore (x4? is divergent. 


6.10.4. Example. Consider the sequence (у) whose n-th term is given by 
an alternating sum 


Р 1.1 1 (7-17! 
Yn ^1 —5*37 4 sqb 5 
1 Б 7 
Thus yi = 1, ya = Уз Tg Уа gs 


Again, (yn? is not a monotone sequence. We shall show that it satisfies the 
condition of Cauchy’s test. 

For any two indices m > n, we have 
1 


= = == де йы I ee = note m-n*:l "^ 
Ут – Уп FTI RES es aa seh m 
Therefore if m — n is even, then 
1 1 1 
— ypnl7 ——) +... + (— -— 
[Ут —Ynl = hH Tot bau m 
"MN. UE 1 11 
n+1 n-2 n-3 “г т-2 m-1 m 
and if m — n is odd, then 
1 1 1 1 1 
lm Уі р gp 2378-3 Uo mca т 


Thus in both cases we have 


lY m -yal <t . 


182 Fundamental Concepts of Mathematics 


Therefore [Ym — y4| < € as soon as both m and n are greater than 1/e. 
Hence (y? is a convergent sequence. 


6.11. EXERCISE 


= 


If x, = ni(n? + 1) for any positive integer n, prove that the sequence {хь} 
is increasing. 


2. If x, = (2n — 7)/(3n + 2) for any positive integer n, show that the 
sequence (x, } is increasing. 


3. (a) Suppose a sequence (x, } increases and is unbounded above. Prove 
that x, > tee as n >, 


(b) If (x, ) decreases and is unbounded below, prove that x, > —о° as 
n - oo, 


4. Prove that a convergent sequence is always bounded. 


5b. If {an} is an increasing and unbounded sequence of natural numbers, 


and if lim 6, = /, prove that lim ba - /. 
noo n»oo П 


6. If a sequence (a, } of real numbers is strictly increasing, show that the 
sequence (5, ) defined by 
n 
Уш, 4 
п 


b, = 


n 


is also strictly increasing. 


7. Ifa>0,0<ro <Va and for all n > 0, 


2 
r _ гп\За + r4) 
mat Brg?” 
243 
a-r 
prove that a— rp? = í n^) 
at3r 
2(a — r4? gr, 
and Ini — Га = 
n n а + 3r,? 


Deduce that r, is monotonic increasing and bounded, and that 


lim fq = Aa. 


noo 
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8. (a) By using the inequality A.M. 2 G.M. or otherwise, prove that 
1 - 1 
((ж+——_)!<(1+—)° 
п — 1 п 
for any positive integer n Z 2. 
(b) Show that the sequence { (1 + 1/n)" ) converges to a limit < 3. 


*g. fO <и, €«3andu,, = 12/(1 + u,), show that the sequences {uzn } 
and {u2, } are respectively monotonic increasing and decreasing. Show 
also that the sequence {u, ) converges to the limit 3. 


6.12. SERIES 


Given a sequence (3,4), we can always obtain а new sequence 
а, dj tà), а) +а, +4, а! +4, +аз + ад, ... 
by adding up successive terms. If we denote the N-th term of the new 
sequence by sy, № = 1, 2,..., then we have 
Sy =a, tà; t... t dy. 


The new sequence (Say? of partial sums is called an infinite series or simply 
a series. We shall call the number a, the n-th term and the sum Sy а partial 
sum of the series. The series is also written in any one of the following 
notations: 

а, ta, +аз +.... 


We remark immediately that the above three notations must be inter- 
preted as complexes of symbols to denote the sequence (Spy). They should 
not be taken to denote ‘infinite sums’ because addition is defined for two 
summands and can be extended only inductively for a finite number of 
summands. Thus 


ayo 


N 
all represent the same sequence of the partial sums > 
n=) 
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We say that the series Xa ар converges to the sum s if the sequence 
(5м) of partial sums converges їо the limit s. In this case we may also say 
that s is the sum of the series У; ап. Notice that the sum of a con- 
vergent series is a number which is the limit of the convergent sequence of 
partial sums. Therefore, it should not be confused with the series Z5. ; à; 
itself, and it is not obtained by ordinary addition of the terms aj. However 
it is customary and convenient to write s = 25, a, if the series Z7, ap 
converges to sum $, abusing the proper meaning of the equality sign. 

We have seen earlier in Examples 6.9.8, 6.9.9 and 6.10.4 that the 
series У-у 1/n is divergent while the series Z5, 1/n! and the series 
Dre. (—1) 7! /n are both convergent. In particular, the base e of natural 
logarithm is the sum of the convergent series Z5. ү 1/n! 


6.12.1. Theorem. /fa series 

a, +а +... +ар +... 
converges to а sum s, then the sequence (aj) of terms of the series is a null 
sequence. 


Proof. |f the seriesa, +a, +a; +... converges tos, then the sequence of 
partial sums {S py) converges to s by definition. Now ay = Sy+1 — Sy. By 
the sum rule, we have lim ay = lim Sy, — lim Sy =s — $ = 0. Therefore 
ал) is a null sequence. н 


Obviously the convergence of a series does not necessarily follow from 
the fact that its terms a, tend to zero as n increases. А typical counter 
example is provided by the so called harmonic series 

1.1 1 
1+у++...+—+... 
2 3 n 
which diverges while its term 1/n converges to О. On the other hand, it 
follows from Theorem 6.12.1 that if the terms 6, of а series 252; b, do 


not tend to 0 as n > oe, then the series is divergent. 


6.13. GEOMETRIC SERIES AND HARMONIC SERIES 


A geometric series is obtained by adding together successive terms of a 


geometric progression 


2 „3 
1‚,х‚х°‚х°*,.... 
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and is denoted by 


со 
Tex x? Luo x" +... ог У) x^ 
n=0 


Notice here that for convenience, we begin the series with the index n = 
0. The partial sum sy is given by 


Sy = Vx ex? +.. e xl. 
If x = 1, then sy = М + 1. Clearly Sy >% as Л > ое, Thus the series У x^ 
is divergent for x 1. If x #1, then 


sy =1+x+x? +...+х' = ox sx) 


Thus the convergence of the geometric series depends entirely on the value 
of x. For |х| < 1, we know that xV*! — 0 as n — оо, For |x| > 1, the 


sequence (1 — е, clearly diverges. Therefore we have proved the 
following theorem on geometric series. 


6.13.1. Theorem. The geometric series 
ў+х+х? +...+х” +... 
converges to the sum 1/(1 — x) if |x| < 1, and diverges if |х| > 1. 


The harmonic series 


D ага 


is the sequence of partial sums of the null sequence (1/n)?. We have seen in 
Example 6.9.8 that the harmonic series is a divergent series. A generaliza- 
tion of the harmonic series is the series 


= 1 1 1 
2 qp tat gets 


where K is a fixed real number. For such series we can prove the following 
theorem. 


6.13.2. Theorem. The general harmonic series 


Ecl. do ML 

2. ok зе es 
n=1 

converges if К > 1 and diverges if k <1. 
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Proof. (a) К = 1. Here we have the ordinary harmonic series, and we have 
seen that it diverges. 

(b) k « 1. For the partial sums we have 

IL TED. >It ti 
As N increases, the right-hand side tends to infinity and so sy — © also. 

(c) k 1. Since all terms a, of the series are positive, the sequence (s? 
of partial sums is a strictly increasing sequence. We shall use the familiar 
device of grouping terms in blocks of 2, 4, 8, .. . summands to show that 
the sequence (sy? is bounded above. We have 


ak * 3 < ж -1 
jo. vi os du. el 4 1 
at gt get ТЕС oae 
1,1 1 8 1 
Bet wot ag < wr gi 


Therefore for M = 2" — 1, we have 


"EET cis Eug t.t i 
M 2k sate mk 2k-i 40-1 +» (QN-1jk—1. 
The right-hand side is the sum of a finite geometric progression which is 
equal to 1 
(1 Nen) 
1 
7 go 
Therefore Sy < 1/1 — 2174) 


proving that the increasing sequence (su? is bounded above. Hence by 
Theorem 6.9.6, (Spy? converges. н 


As with most infinite series, we do not have a simple expression for the 
sum of the general harmonic series. 


6.14. SOME USEFUL RULES 


Some of the rules for convergent sequences can be easily written into 
rules for convergent series. We list below five useful rules which can be 
easily proved. 
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1. The convergence and divergence of a series is unaffected if a finite 

number of terms are inserted, suppressed or altered. 

2. If X5 ., an converges to the sum s and £7, b, converges to the sum 
t, then the series 

У) dan + ub.) = (Хау + ubi) + Qaa € ub; +... 
nzi : 
converges to the sum As + ut for any real numbers X and и. 

3. Ifa, 2 0 forn = 1,2,...,then the series Z5. , a, either converges ог 
diverges to infinity. A necessary and sufficient condition for conver- 
gence is that there is a fixed real number K such that the partial sums 
ар t... t ay < К for N= 1, 2, 3,.. .; and in this case the sum of the 
series is less than or equal to K. 

4. Let E5.; ay and Ўт b, be two series such that for all n = 1, 2,..., 
0 <a, < ub, for some constant u. If Улу ү b, converges to the sum t 
then Ул a, converges to a sum which is less than or equal to ut. 

5. Let Ej, Xn, En=1 ар and Lp, y, be three series. If x, San < yg 
for ай п = 1,2,... and if Dp. Xn and Уб. Yn converge to the same 
sum s, then Уп у ay converges to the sum 5. 


6.15. TEST OF CONVERGENCE 


The rules of Section 6.14 provide us with a variety of ways to test the 
convergence of a series by means of comparison with known convergent 
series. An intrinsic criterion for convergence of series is obtained by an 
easy adoptation of Cauchy's convergence test. 


6.15.1. Theorem. А necessary and sufficient condition for the conver- 
gence of a series Уһ. аһ is that given any € > 0, there is a number N such 
that 

lan+1ı *tàns2 +... +ат|< е 
provided that М <п < т. 


As an application of the above, we shall derive from it a handy criterion 
for the convergence of alternating series. These are series of the form 


> (-1)77! ân = 4, — 82 tds —.... 
=} 
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6.15.2. Example. |f (a4) is a decreasing sequence of positive numbers 
with lim a, = 0, then the alternating series 

a, — az taz —a4 t... t (1 14, +.... 
is convergent. 


Proof. For a pair of indices n < m, we consider 
T-8j,1—8n42 taney —... t (710777! 9m: 

Depending on whether m — n is even or odd, we get 

T= (а, —4p42) + làpsa — Anta) +... + làm 1 — am) 
or T= (8541 — ар+2) + (@n+3 ~ Ansa) +... + (8-2 – 8m—-1) * 8m. 
Since a, \ we get 7 non-negative in both cases. On the other hand, also 
according to whether m — n is even or odd, we have 

T= ane. —lànsa2 —ап+з)—...— (@m—2 — ám-1) — ат 
or T =an41 — lànsa —ап+з)—...— (@m—1 — am). 
Therefore, in both cases, 7 € a4, ,. It now follows from these two interim 
results that for all n < т 

11)” ар+і + (-1P*! ап+2 t... + (-1)?7! aml=T «ал+. 

Since ару —* 0 as n — œ, the expression of the left-hand side can be 
made arbitrarily small for sufficiently large n < m. Therefore by Theorem 
6.15.1, the alternating series is convergent. п 


6.16. EXERCISE 


Qa Yn 1 
1. Evaluate lim 23, 5. 
noo I 


2. Show that the series Z5. 1 converges to 1. 


hol 
(n +1)! 
3. Show that the series Z5. у (—1)7*! (2n — 1) is divergent. 


: ed 1 1 
4. Show that the series 25- | (3n — 1n * 2) converges tog. 


5. Sum to n terms the series 
1 1 1 
+ dou — LUV EG. 
1x3x5 3x5x7 ^" (2n + 1)(2n + 3)(2n +5) 
and deduce the sum to infinity. 


10. 


11. 


*12. 
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Sum to n terms the series whose n-th term is 1/[n(n + 1)(n + 3)] and 
deduce the sum to infinity. 


. Ifa, >Oand 6, >0 (n = 1,2, 3,...), and lim (a,/6,) = с #0, prove 


noo 


that 25-1 ал converges if and only if 25. , 6, converges. 


. Suppose a sequence (a, } is decreasing and lim an = 0. If Z5., а, con- 


noo 
verges, prove that 25, 27a,, also converges. (Cauchy Condensation 
Theorem). 


. If a, 2 0 (п = 1, 2, 3, .. .) and lim Va, =r, prove that Z5. ; a, con- 
noo 


verges if г < 1 and diverges if r > 1. (This result is known as the ‘root 
test'.) 


Suppose (b, is a decreasing sequence, with bn = 0 for every positive 
integer n. If m « XS а; < М for any positive integer n, prove that 


bım <"  ajb;X b,M. (Abel's Lemma) 


(a) Express sin 30 in terms of sin 0. 
(b) Find the sum to n terms and the sum to infinity of the series whose 


ana 8 
n-th term is 377! sin FE 


(a) Let {a, } be a sequence of integers with O < a, < 9. Prove that 
91 а, 10” exists and lies between О and 1. (This, of course, is the 
number which we usually denote by 0. аааз .. . .) 

(b) Suppose 0 <x < 1. Prove that there is a sequence of integers {ap } 
with 0 San <Q and 

Ў ал 107 =x. 
(Hint: For example, a, = [10x], where [y] denotes the greatest 
integer which is not greater than y.) 


(c) Show that if (a, } is repeating, i.e. is of the form ау, a2,..., ag, а, 
аз,...,ар, 41,03, . .. , dg, . . . then Z5. , a5 10 ^ is a rational 
number and find it. 

(d) tf x = Zz.., a510 " is a rational number, prove that {ap } is even- 


tually repeating. 
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13. If a, > 0 for any positive integer n, and the sequence {ap } is strictly 
decreasing and 27-1 à, is convergent, prove that lim na, = О. 


noo 


6.17. APPENDIX 


In this appendix, we shall present a proof of Cauchy's test for conver- 
gence (see Theorem 6.10.1). The proof is based on the very important 
postulate of continuity (see Theorem 5.7.2). If the reader finds the 
presentation natural and comprehensible, he can congratulate himself. If 
he finds it too difficuit to follow, he should not be unduly worried, but 
should leave it and read the next chapter. The arguments that we use here 
are rather above the level of an A-level course. 

A sequence (aj? is called a Cauchy sequence ог a fundamental sequence 
if the following condition is satisfied: 

Given any € > 0, there is a number N such that [а — aml < € for all 
indices m and n greater than N. 


6.17.1. Theorem. A sequence (aj? converges to a limit if and only if it is 
a Cauchy sequence. 


Proof. We observe that given a Cauchy sequence, we can find for every 
€ > 0 an index p such that 

lan — apl € € for all n >р. 
In other words, the interval (a, — є, ар + €) will contain the terms 
4p+1,4p+2,.- . Of the sequence (aj). 


Suppose that (a5? is a Cauchy sequence. Let є; = 1/2, є = 1/4,..., 
є» = 1/2", . . . . Then it follows from the above observation that for 
€,, we can find an index p, such that 


1 
lan -apl <7 for all n >р}, 
Similarly for €; = 1/4, we can find among the indices greater than D, an 
index р» such that 
1 
lan — ар, | < for all n >р; >р}. 


Inductively for every k = 1, 2, ... , we obtain an index py such that 
Di <р›<рз....<рк<Я.... 
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and 
1 
lan — 4p, | E: for all n > py. 


If we denote by /, the interval (ар, — €k, ap, + Є), then these 
intervals have the properties 

(i) the length of /, is 12/7! ; 

(ii) the midpoint of /, is the term ap, of the sequence (aj; 

(iii) an € / forall n > pp, і.е. а ‘tail’ of the sequence (aj) falls into /,. 

Though /, is only half the length of the preceding /,_,, the relative 
positions of their midpoints may not be such that /, C /,. |. However, fk 
and /,_; do overlap in any case, since the midpoint of /, lies in /к_ 1, as 
well as in all the preceding intervals /1, /,,..., /& 5. This allows us to cut 
away certain portion from each /,, so that the ‘tailored’ intervals J, will 
be nested in one another and still contain the same terms of the sequence 


(а) as the original intervals /, . More precisely, we define 
Ji = m 


Now the ‘tailored’ intervals J, have the following properties: 


(iv) Ji 244 2... 244, D... i.e. they are nested in one another; 
(v) the length of J, is less than or equal to 1/2/71 but greater than 0; 
(vi) ар, ЄЛ: 


(viilan € J,, for all n > py. 

If we denote by x, and y, the endpoints of J,, i.e. J, = (Xx, ук), then 
XQ SX S...5%,6...5 4, ©... Sy. Sy 
and IX, -у‹!< жа . 
Therefore the sequence (x4) is an increasing sequence which is bounded 
above, and (y4? is a decreasing sequence bounded below. They both 
converge. On the other hand, [xy — yl > 0 as n > œ. The supremum of 
the set (x, | k = 1, 2, .. . } must be identical with the infimum of the set 
{ук [К = 1, 2,...}; therefore the sequences (x5) and (у) converge to the 
same limit а. Thus 
X; €X4 S... Xt, &... «8X... Xy, S... Sy. «у. 
We now claim that (a5? converges to the limit a. Suppose є > 0. Then 
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we can find an index k such that є > 1/26. It follows from (iii) that for 
alln > p, 


BH 
lan — ap, < 26. 
On the other hand, both ap, and a belong to the interval J, ; therefore 
1 
là — p, | Mi : 


Combining these two inequalities, we get for all n > py, 
lan —al = |(а„ — app) — (а — ар) 
< lan — ap] + la — ap,l 


1 1 
< Ja * 21 < є 
Therefore lim a, = а proving that the Cauchy sequence (a5? is convergent. 


We have seen in Section 6.10 that every convergent sequence is a Cauchy 
sequence. The proof of the theorem is now complete. = 


7. Complex Numbers 


Instead of starting with a formal definition of complex number and 
then proceeding to study the properties of the new number system, we 
shall begin with a brief review of our old number systems №, Z, Q and R 
in order to discover a certain inadequacy in each concerning the provision 
of solutions of equations. This inadequacy will be partially overcome by 
successive extensions. Ultimately the new number system С of complex 


members will be seen as the final result of the effort in removing this 
inadequacy. 


7.1. EOUATIONS AND NUMBER SYSTEMS 


An equation can be regarded as a mathematical expression of a certain 
condition or specification on an unknown number. Take, for instance, an 
example from primary school mathematics. John has saved a sum of 
money. If his father gives him 45 dollars, he will have altogether a total of 
200 dollars. How much has John saved? The condition that 45 added to 
the unknown number x of dollars that John has saved will give 200 can be 
written as a simple equation 

х + 45 = 200. 
We may say that this equation is formulated in the number system ÑN in 
the sense that all its numbers belong to N and all its symbols have meaning 
in the system N. The equation admits a solution in the system N because 
we can find a number 155 in N such that 155 4 45 - 200. Similarly 
x-*50-2214, x+7=83, 5y=25 
are equations which are formulated in № and admit solutions in №. 

However, it is not always true that an equation which is formulated in 

N would admit a solution in №. Take, for instance, the equation 

х + 45 = 5. 
This can well be the mathematical expression of a real life situation. For 
example, after | put 45 dollars into my account, the balance will show 5 
dollars and | wish to know the balance before that. The equation is 
formulated in N but admits no solution in N, because there is no natural 
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number that will give 5 when added to 45. The equations 

2x+3=2, x?+5x+6=0, x?-2, х?+1=0 
are all formulated in N but admit no solution in N. Undoubtedly this 
shows that N is too small to admit solutions of all equations that are 
formulated in N. 

This inadequancy of N can be overcome, at least partially, by extending 
N to the next larger system Z of intergers. By saying that the system Z is 
an extension of the system NV, we mean not only that the set Z contains 
the set N as a proper subset, but also that addition and multiplication 
are extended as well. Under the extension. equations which are formulated 
in N remain formulated in Z. Now some equations that are formulated in 
N but admit no solution in it will admit solutions in Z. For example, x + 
45 = 5 admits the solution —40 in Z and the quadratic equation x? + 5x + 
6 = 0 admits two solutions —2 and —3 in Z. 

However, the system Z is still not large enough to admit solutions of the 
equation 2x + 3 = 2 which is formulated in Z. Similar to what is done 
before, this inadequancy is partially overcome when Z is extended to the 
number system Q of rational numbers. In Q, 2x + 3 = 2 admits the 
solution —1/2. However x? = 2 and x? + 1 = 0 still have no solutions іп ©. 
This means that we have to extend Q one step further to the number 
system R of real numbers. Then x? = 2 has solutions +/2 in IR while 
х? + 1 = 0 which is formulated in №, Z, Q as well as in R still admits no 
solutions in R since the squares of all real numbers are non-negative. 

The successive extensions leading finally to the system R fail to remove 
the inadequancy entirely. There are still many equations, which are 
expressed in terms of real numbers and their addition and multiplication, 
but admit no solution in R. This means that R has to be extended to some 
larger number system C. 

The set C should contain R as a proper subset; moreover, it must at 
least contain a solution of the equation x? + 1 = 0. Furthermore, addition 
and multiplication of numbers of the system should also extend those of 
real numbers, in the sense that the sum and the product of any two real 
numbers should be the same sum and the same product when regarded as 
numbers of the new system C. 


7.2. ONE-DIMENSIONAL NUMBER SYSTEM 


As a preparation for our problem of extending the number system R to 
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a larger system C, so that at least x? + 1 = 0 has a solution in C, we first 
interpret the set R as a one-dimensional space and the algebraic opera- 
tions of addition and multiplication as geometric operations of motions. 
Following the method of Sections 5.1 and 5.7, we use a horizontal 
straight line to represent the set R. After designating a point О as the 
number О and a segment as the unit length, we take the point А to the 
right of O at a distance of a unit lengths from O as the point representing 
the positive real number а. Similarly a point B to the left of О at a distance 
of b unit lengths from O represents the negative real number —b (Fig. 7.1). 


B(—b) О A (a) 
Fig. 7.1 


In this way, all real numbers (i.e. including al! rational numbers as well 
as irrational numbers) are points of a one-dimensional space — the number 
line. In this sense, we may say that the real numbers constitute a one- 
dimensional number system. 

Suppose that two real numbers a and b are represented by the points А 
and B on the number line. If we move the point A a distance of |b| (i.e. the 
length [08|) in the direction from О to B (i.e. that of the directed segment 
OB), we shall arrive at the point C on the number line, which represents 
the sumc =а * b (Fig. 7.2). 


о B A С 
- Ibl = он 
В о C A 
Fig. 7.2 


Thus addition may be interpreted geometrically as parallel translation. 


196 Fundamental Concepts of Mathematics 


To locate the point D representing the product d = ab, we proceed in 
two steps. The first step is to get the point H, representing ^ = |а| b by 
similarity (i.e. enlarging OB to OH by a factor equal to the length |OA|) as 
illustrated by Fig. 7.3 below. 


lal 


(0) E(1) B(b) Hih = jalb) 
Fig. 7.3 


To obtain the desired point D from the point H, we have to distinguish 
two cases: (i)a > О and (ii) a <0. 

For (i, d= 1 x A. Therefore D is identical to H. 

For (ii) d = —1 x h. Therefore D is diametrically opposite to H with 
respect to О. 

The appropriate geometric construction of D is therefore to rotate H 
about О by 0° or 360° in case (i) and to rotate H about O by 180° in case 
(ii), the angle of rotation being LEOA in both cases, Е being the point 
representing the number 1 (Fig. 7.4). 


LoS Did=ab 9 иһ = |а) 


Fig. 7.4 


Thus the multiplication of b by a may be interpreted geometrically as a 
similarity of OB by a factor |OA| followed by a rotation about O through 
the angle LEOA. In particular, multiplication by —1 is a rotation about О 
by an angle 7 = EOF, F being the point representing the number —1. 
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7.3. TWO-DIMENSIONAL NUMBER SYSTEM 


We have seen in Section 7.1 that the equation 

x? +1=0 
is formulated in the system R but fails to admit a solution in R. Our final 
goal is to extend the system R (which includes the set R together with 
addition and multiplication) to some larger system C that has a solution of 
this equation which we tentatively denote by /. Some rough idea about a 
possible geometric picture of the extended system may help us reach the 
goal. 

As the extended set С must contain R as a subset and the new number / 
as an element, we may extend the number line to a plane that contains 
the number line as the 2-dimensional space to represent the set C. 
Under the additional but reasonable assumption that addition and 
multiplication of real numbers retain the geometric interpretations as 
described in the last section, we now try to find an appropriate position 
for the point P to represent the new number / that can give expression to 
the characteristic property of the number /. 

As a solution of the equation 

х? +1=0 
the number / is characterized by 


The distance to О from the point A representing a real number a is 


given by 
lal = Va? - v/a" 1. 
By analogy, we expect that the distance from P to O would be 
МЇ = 1. 
Therefore, the desired point P should be on the unit circle of radius 1, 
centred at О. If we denote by £ the point on the real number line 
representing 1 and by # the angle EOP, then the angle 0 determines the 
position of P (Fig. 7.5). 
We now proceed to find 0. Consider now the two equations below: 

—1=—1х1 

—1=/x (ix 1). 
The geometric interpretation of the first equation is that by rotating the 
point E about O by 180°, we get the point F, representing the number —1 
(Fig. 7.6). The right-hand side of the second equation consists of two 
multiplications, 
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Р PU) 


F(-1) E(1) 
Fig. 7.5 
180° 
F(-1) О E(1) 
-1x1:E >F 
Fig. 7.6 


i x 1 and then / x /. Adhering to the same interpretation, multiplication of 


1 by / is an enlargment of OE by a factor [ОР = 1, followed by a rotation 
about O of (Fig. 7.7). 


Now the enlargement of OE results in OE itself since |OP| = 1 and the 
rotation brings Е to P. This is confirmed by / = / x 1. Similarly the second 
multiplication rotates the point Р about О by an angle 6 = LEOP. The 
result of this is the point А on the unit circle with LEOR = 20 (Fig. 7.7). 


PU) RU x i) P() 


"i. ix:P ^R `7 


Е(1) О Е(1) 
Fig. 7.7 
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On the other hand, А must be identical їо F since —1 x 1 =/ x (/ x1). 
Therefore 20 = 180°, and hence 6 = 90°. 

The point P representing the new number / is located in the diagram 
below (Fig. 7.8). 


Fig. 7.8 


The point Q diametrically opposite to P with respect to O can be 
obtained by rotating P about О by 180°. О must therefore be the point 
representing the product —/ = —1 x /. Using the points on the real number 
line and the two new points P and О, we can reach out at all other points 
on the plane by parallel translations and similarities. Re-interpreting points 
as numbers of the extended system (C, we see that the entire plane is a 
geometric representation of the two-dimensional number system С, 

Obviously our task is now to formulate this tentative geometric idea in 
precise algabraic terms. For this purpose we borrow the basic principle of 
analytic geometry to assign a pair of coordinates to each point on the 
plane. 
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7.4. COMPLEX NUMBERS 


We define formally a complex number to be an ordered pair (a, b) of 
real numbers. The set of all complex numbers is denoted by the bold- 
faced capital letter С. With the aid of a pair of coordinate axes we can 


represent every complex number x = (а, b) by a point on the plane (Fig. 
7.9). 


Fig. 7.9 


Just as we sometimes refer to the number line as the rea/ /ine or the rea/ 
axis R, we may call the plane of complex numbers the complex plane C 
or the Gaussian plane after the German mathematician Саг! Friedrich 
Gauss (1777 — 1855). 

it follows from the definition that two complex numbers x = (a, Б) and 
y = (c, d) are equal if and only if they have identifical coordinates, i.e. 

x = у if and only ifa -candb-d 

x у if and only ifa#corb#d. 
The complex number (0,0) is called the zero complex number and is 
denoted by 0. Similarly if x = (a, b) we denote the complex number 
(-a, —b) by —x. 


Addition of complex numbers. |n order to make C into a fully fledged 
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number system, we have to define addition and multiplication. Following 
the preparation of Sections 7.2 and 7.3, we expect an addition of complex 
numbers to be interpreted as a parallel translation. In algebraic terms, 
parallel translation corresponds to coordinate-wise addition. Thus we 
define the sum x + y of two complex numbers x = (a, b) and y = (c, d) to 
be the complex number 
х+у=(а+с,Ь+а). 

Fig. 7.10 confirms that the point C representing x + y can be obtained by 
translating the directed segment ОВ along the directed segment OA where 
A and B represent x and у respectively. 


B:y=(c d) 


C:c*ty-(a*c,b*d) 


A:x = (a, Б) 


Fig. 7.10 


Notice that OACB is a parallelogram on the plane. 
Obviously the commulative law of addition 
х+у=у+х 
and the associative law of addition 
(x *tybl*tz-xtly +z) 
hold. Moreover, the zero complex number O = (0, 0) has the property that 
O+x =x forallx EC. 
Subtraction is defined as the inverse operation of addition by 
x—y7la—-c,b-—d). 
Fig. 7.11 shows that the point D representing the difference x — y is 


obtained by translating the directed segment BA along the directed 
segment BO, 
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D:x—y-7(a—c,b—d) 


Fig. 7.11 


Notice that ODAB is now a parallelogram. 


Multiplication of complex numbers. The well-known relationship between 
the Cartesian coordinates and polar coordinates in plane geometry enables 
us to write, when x #0, 

X = (a, b) = {r cos 6, rsin 0) 
where г = Va? + b? isa positive real number and Ө is an angle (measured in 
radians) satisfying cos 0 = x/r and sin 0 = yr. 


In geometric terms, r is the distance from O to x and @ is the angle of 
rotation from the first coordinate axis to the ray from O to x. We shall call 
г the modulus of the complex number x апа @ the argument (or the 
amplitude) of x. We observe that the modulus r, which is also denoted by 
|x|, is uniquely determined by x, while 0, which is also denoted by arg x, is 
determinate only in the sense that any multiple of 27 can be added to it. It 
is therefore convenient to have a principal value of the argument and this 
is subject to an additional condition that т « 0 < m (Fig. 7.12). 

The product of two non-zero complex numbers 

х = (a, b) = (|x! cos 8, |x| sin 0) 
y = (с, d) = (ly| cos V, lyl sin у) 
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а = ғ cos 6 


Fig. 7.12 


is defined as the complex number 
d = xy = ([х||у| cos (8 + V), Ixily| sin (0 + V). 
In other words for the product xy, we have 
ху] = Ixl 1и] 
arg ху = arg x t arg y. 
This is illustrated in Fig. 7.13 below. 


Н: |xly 


Fig. 7.13 
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Just like in the procedure used in Sections 7.2 and 7.3, we first prolong (or 
shorten) OB to OH by a factor |x| = |OA| and then rotate H about О by an 
angle 0 to D. Then H is the point representing the complex number |х| y 
and D is the point representing the product xy. 
Using the angle sum formulae of trigonometry, 
cos (0 + y) = соѕ 0 cos y — sin 0 sin y 
sin (0 + y) = sin 0 cos y + cos 0 sin y 
we can also write the definition of product in terms of Cartesian coordin- 
ates as 
Xy = (a, b)(c, d) = (ac — bd, ad + bc). 
The commutative law of multiplication 
Xy 7 yx, 
the associative law of multiplication, 
x (yz) = (ху)2 
and the distributive law 
x(y +z) = xy + xz 
can be easily verified. The complex number (1, 0) has the characteristic 
property of an neutral element with respect to multiplication, 
(1, O) (a, Б) = (а, Б)(1, 0) = (a, b). 
If y £ 0, then division by y is also possible and we have 
|х| 


х Ix| 

m E cos (9 — V, туу sin (6 — 91) 
or x _ (a,b) [ac*bd zzv 

y (с, 2e td coc d. 


In particular, the reciprocal of a non-zero complex number x = (a, фр) 
= (r cos 0, r sin 0) is given by 
= 1,0 a —b 
ie hl (58 ss) 


2 a,b) \ +b? l а? +6? 


pa cos (a sin (—0)). 
Р r 
7.4.1 Summary 


Complex numbers are ordered pairs of real numbers. The set of all 
complex numbers is denoted by C. Addition and multiplication of 
complex numbers are defined by 

(а, b) + (c, d) = (а +c,b+d) 
(a, b) x (c, d) = (ac — bd, ad + bc). 
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The set С together with the addition and the multiplication defined above 
constitute the complex number system which is also denoted by C. 

Complex numbers are represented by points on a plane, which is called 
the complex plane or the Gaussian plane. 


7.5. STANDARD NOTATIONS 


Consider the subset R of the set C of complex numbers that consists of 

complex numbers of the form (a, 0) where the second coordinate is zero: 
R-í((a,0)€C€lacm). 

In the Gaussian plane, the set R is represented by points of the first 
coordinate axis. As a set, R is an exact copy of the set R of real numbers 
in the sense that every (a, 0) of R corresponds to an element a of R and 
vice versa: (a, 0) <> a. 

Moreover the set R is closed under addition and multiplication. By this 
we mean that the sum and product 

(a, 0) + (5,0) = (а +b, 0) 
(a, 0) x (5, 0) = (ab, О) 
of any two complex numbers of R are also complex numbers of R. 
Therefore, we can say that the set R together with addition and multiplica- 
tion constitute a number system which is a subsystem of the number 
system C, Furthermore under the one-to-one correspondence (a, 0) —— a 
between the sets R апа К, the complex number sum and the complex 
number product correspond to the real number sum and the real number 
product respectively: 
(а, 0) + (5,0) >a +b 
(а, 0) х (b, 0) — ab 

Hence, not only the set В but the number system R itself is an exact 
copy of the number system R, in the sense that the complex numbers of R 
behave as if they were real numbers. This means that we may, in the 
system C, replace the subsystem R, i.e. the set R together with its addition 
and multiplication, by the system R. After this replacement, the now 
slightly altered system, which we still denote by C (though it is now born 
by the set (C X В) U R), is an extension of the real number system R, in 
the strict sense of the word. From now on, we may replace every complex 
number (a, 0) by the real number a. Thus R is now a subset of C; also 
addition and multiplication of numbers of R have the same meaning both 
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as real numbers and complex numbers. In particular, we have 
a x (c, d) = (ac, ad) for every a€ Rand (c, d) ЄС. 

Now let us consider the second coordinate axis of the Gaussian plane. 
This consists of complex numbers of the form (0, 5), where the first 
coordinate is zero. Every such complex number is a 'real multiple' of the 
complex number (0, 1), because 

(0, 5) = b x (0, 1). 

If we now denote by / the complex number (0, 1) which has modulus 
1 and argument 7/2, we can then write every complex number (a, 5) in 
the new and more convenient form as 

(a,b) "act bi 
because (а, Б) = (а, 0) + (0, Б) =a +b x (0, 1) =а+ bi. 

Following the traditional convention, we call the complex number / 
7 (0, 1) the /maginary unit. Consequently we also call the first coordinate 
axis of the Gaussian plane C the rea/ axis and the second coordinate axis 
the imaginary axis. For any complex number 

х = (а, b)=atbi 
we call the real number а the real part and the real number b the imaginary 
part of the complex number x and write 
Ве(х) =а and  Imíx)-b. 

We also sometimes call a non-zero complex number with vanishing real 
part a purely imaginary number. Thus bí is a purely imaginary number for 
every non-zero real number b. It is also customary to call a complex 
number with non-vanishing imaginary part an imaginary number. 

Using the new notations, we may write the sum, product and quotient 
in a more convenient form: 

(a+ bi) + (c *di) = (acc) + (Б +0) і 
(a + bíi)(c + di) = (ac — bd) + (ad + bc) i 
atbi  actbd | ad—bc, 

etd) c«s«d с +d?! 


In particular, 
Aa b 
+ bi) = - ——3i 
г + bi) а? +b? a +p! 
1 | 
= —/ 
i 


We note that the designation of / as the imaginary unit (which was 
introduced in the last century) is rather antiquated. As we have seen that 
there is nothing 'imaginary' about the number / and it is just as 'real' as 
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any real number. The standard notation of writing a complex number in 
terms of the real unit 1 and the imaginary unit / is a great improvement 
upon the awkward notation of ordered pair. The benefit of the standard 
notation will become more apparent when we actually perform calcula- 
tions with complex numbers in the exercises and in the subsequent 
sections. We shall see that the standard notation can bring out the essential 
features of complex numbers more prominently. 

Finally a comparison between the number system R and the extended 
number system C will show that there is not very much difference between 
the two sets of algebraic operations as far as addition, multiplication, 
subtraction and division are concerned. Naturally, special attention has to 
be given to the imaginary unit / for which we have 


ai*bi- (а +6), P =ii=—1, —i* i21 and 1=—{. 


The counterpart of absolute value |а| of a real number а is the modulus 
|х| = ya? + b? of a complex number x = а + bi, which is also a non- 
negative real number. Moreover, we take note that we have the natural 
order relation in the system R, so that given any two real number a and b, 
we have eithera < Б ога= bora b. 

There is, however, no such order relation in the system C. Thus it is 
meaningless to say, for example, one complex number is larger than the 
other complex number, unless they are both real numbers. Of two 
arbitrary complex numbers x and y, we can only say that either X = y or 
X $ y. Thus expressions such as x > y, y < x, x < y have meaning only 
when x and y are real numbers; they are, in general, meaningless for 
complex numbers x and y. 


7.6. EXERCISE 


Express the following complex numbers in the form a + bi, where a and b are 
both real numbers: 


1. (6 - 204 + 5/) 

2. 342i*i (5 +1) 

3. 1 «i 

4. (2 * iP 

5. (2- iP? — (3 + 2/)? 
6. (1 +/)(1 + 2/)(1 + 3/) 


12 
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1 
i 
(x + yiltx — yi) [x and y are real numbers] 

1 
3—4i 
1+/ 
1—/ 
6 * bj 

7i 

1 


Т + соѕ 0 + / sin 0 


Find real numbers x апа y satisfying each of the following equations: 


13. 


14. 


15. 


16. 


17. 


18. ! 


19. 


х у _5+6/ 
1+2 3+2; 8—1 


х+уѓ = (1 — й) 


Find integers p апа g (0 & p & 9 and O <q S 9) such that (3 + 7/) (р + gi) 
is purely imaginary. 


If z, and z; are complex numbers with arguments differing by 7/2, prove 
that 


lz) =z = [21+ 221. 


1 1 


1 
f ——À = ——— — —— where а, b,c аге real numbers, a # О and b £ c, 
2-сі atbi atei 


find |zl^ . 


Find the modulus and principal value of the argument of the complex 
number —1 + 43i. 


20. 


21. 


22. 


*23. 


Complex Numbers 209 


—1 + Г 
If w= , Where w =u + vi (и and v are real) and z = cos 0 +i sin 0, 
prove that 
V [ 
кар € —3 t— 
u P 2 
and (и +1)? +v? = 1. 
|2| = 1 
Solve for 2: 1 
A |2 + 1| 2 \/3 |2 — 11. 
Find the modulus and principal value of the argument of the complex 


number 
1— cos 0 — / sin 
1+cos 0 * / sin 0 
in each of the following cases: (1) 0 «0 « m; 


(ii) -n « 0 <0. 
Given that z? = 1 + w?, where z =x + yi and w =a + bi (x, у, а, b are 
real), prove that 
1 
(a) гете 
Е + 
and hence 2 = (x +a)? + (y +b} = 236 


т 
(b) 2х2 =./(1 +а2— 52)? + 4а2 p? + 1 «a? —5? 
апа 


dy? = JU +а?— 62 Y cag b? — 1 – a? + 62. 


7.7. COMPLEX CONJUGATE 


Given any complex number x = a + b/, the complex conjugate (or 


simply conjugate) of x, which is denoted by x, is defined as the complex 
number 


X 7 a — bi. 


In other words, to obtain the complex conjugate of a complex number, 
one simply changes the sign of the imaginary part of the complex number. 
Thus for x = —3 + 2/, we get x = —3 — 2/. 
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The following formulae involving conjugates can be easily verified: 
(a) Х=х 

(b х+у=х+у; xy-Xy and Х/у = Х/у 

(c) Rex- Вех = (x *x)/2; Imx=—Imx = i(x —x)/2 

(d) x € R if and only if x =x. 


Recall that the modulus |x| of a complex number x = a + bi is defined 
as the non-negative real number 
|х| 2 va? +b? 
and that the argument of a non-zero x, arg x = 0, is defined by 
cos @=a/|x| and ѕіп ө = 2/|х| 
Moreover, х = а + bi can be written in polar form (Fig. 7.14) as 
x = |x| (cos 0 + i sin 0) 


х = |х| (cos 0 +i sin 0) 


us tisin0 
E 
cos Ө — i sin 0 


X = |x|(cos 0 — i sin 0) 


Fig. 7.14 


In conjunction with conjugates, we have 
(е) [x] = X] = Vax 
(f) |Ixl2Rex and |х| 2 Im x. 
(9) 1/x=X/|x|? ifx #0 
(h) argx=—argx ifx #0 
It follows from (b) and (e) that 
kyl? = (ху)(ху) = (хх yy) = Ix? yp. 
Therefore we have 
(i) Ixyl = (хи. 
Similarly, we get 
Ix + yl? = (x * yMx +y) = xx + (xy + yx) + yy 
= |x|? + 2 Rexy + ly? 
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< |x|? + 2/xyl + ly? 

= |x? + 2Ixllyl- |y? 

= (bel + ly}. 
The equality holds if and only if Re xy = |ху|, i.e. xy is real and non- 
negative. This is precisely the case if and only if arg x = arg y + 2nm for 
some integer n. Therefore, we have proved that 

(j) Ix *yl < |x| + |y| and the equality sign holds if and only if 
arg x = arg y + 2лт for some integer n. 


7.8. EQUATIONS WITH REAL COEFFICIENTS 


We have set our goal earlier in Section 7.1 to extend the number system 
R to a large system C in which at least the equation x? + 1 = 0 has a 
solution. Now that R has been extended, it is opportune to test the system 
C of complex numbers whether it meets the requirement with respect to 
the solution of the above equation. 

Clearly, since R C C, the equation 

x? 41-20 
is formulated in € (as well as іп №, Z, © and Е) in the sense that all its 
numbers belong to € and all its symbols have meaning in C. The equation 
admits no solution in R. but both complex numbers / and —/ of C are 
solutions of the equation since 
{2+1=0 and (-/)?+1=0. 
Hence x? + 1 = 0 admits solutions in C. 

We may ask if there are other equations, which admit no solution in R 
but become solvable in C. This and other questions will be answered at the 
end of this section. In the meantime, we shall prove a general theorem on 
equations with real coefficients and another on quadratic equations with 
real coefficients. 


7.8.1 Theorem. Let a,x” + ay x"! +... + a,x + ag = 0 be an 
equation in the unknown x with real coefficients a; (i 2 0, 1,..., n). Ifa 
complex number z is a solution of the equation then the complex 
conjugate z is also a solution of the equation. 


Proof. \fz isasolution of the equation 


n n- 
an X^ tay 4, x"! +...+ a, X tag =0, 
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then, after substitution, we get 
anz tay z^ | +...+a, z tag = 0. 
Taking complex conjugate on both sides, we obtain 
0 = anz” +ар 12771 +... +а2 Fg 
= а 2" tay Z! +... a 2 ag 
since а; = а;. Thereforez is also а aign of the equation. = 


The theorem may be rephrased as that the complex solutions of an 
equation with real coefficients always appear in pairs of conjugates. For 
example, the pair of conjugates / and —/ are solutions of the quadratic 
equation x? + 1 = 0. We observe that, since the conjugate of a real number 
is the number itself, the above statement applies trivially also to the real 
solutions of such equations. 

Consider now the general quadratic equation 

ах + bx +с= 0 
with real coefficients а (# 0), b and с. We know that the equation is 
solvable in R if and only if the discriminant 
"D = b? — дас 


is non-negative. In this case VD is a real number and 


ac ebxseca[x - YP )(x- сыр 


Thus the solutions of the equation are 


-b* D |, cb- VD 


2a 2a 


and the two solutions coincide if D = О. For the remaining case, where D 
< 0, we make use of the real number V-D in the following factorization 
ax? tox te= a(x- D) EEEE 
2a 2a 
Here the left-hand side is a quadratic polynomial with real coefficients, 
while on the right-hand side, we have the product of two linear polyno- 
mials with complex coefficients. Therefore the pair of conjugates, 


—b *iN—D —b — iy —D 
m e 

are the solutions of the equation. Thus, in either case and irrespective of 

the value of the discriminant D, the quadratic equation ах? + bx +с= 0 


admits solutions іп C. Using the customary notation below, 
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vhs | vr if r is a real number 2 0 
iN—r  ifrisareal number <0, 
we may combine both cases in the following theorem. 


7.8.2. Theorem. 7he solutions of a quadratic equation 
ах? + х +с= 0 
with real coefficients a (* 0), b, c are 
—b * b? — 4ac "um Vb? = 4ac 


2a 2a 


7.8.3. Example. The solutions of the quadratic equation 


x! +х+1=0 


CT _ eo 
are co LUUD кав = ш? = ЕРАЗ. We may also write 
wide (eem and Ф = со ТЕШ 
w 3 3 sa tiisin >. 

2 


We have now seen that besides x^ + 1 = 0, all quadratic equations with 
real coefficients are solvable in C. We may therefore ask the following 
question on the provision of solutions of polynomial equations with 
coefficients in R. 


7.8.4. Question. Are all polynomial equations in one unknown with real 
coefficients solvable in C? 


According to the discussion in Section 7.1, if the answer to this 
question is negative, then we would have to find one such equation that is 
unsolvable in C and try to extend the system C to some still larger system 
to accommodate its solutions. On the other hand, if the answer to the 
above question is affirmative, then the inadequancy in the provision of 
solutions of equations, which are formulated in R, is entirely removed. But 
there are more equations formulated in C than in R. Therefore we should 
now examine also the provision of solutions in C of polynomial equations 
with complex coefficients. This means that we have to answer the 
following question. 


7.8.5. Question. Are all polynomial equations in one unknown with 
complex coefficients solvable in C? 
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It turns out that the answers to both questions are affirmative and they 
are formulated in the so-called fundamental theorem of algebra. 


7.8.6. Fundamental theorem of algebra. Let f(x) be a polynomial of 
degree n > 0 with complex coefficients. Then the equation f(x) = 0 in the 
unknown x has at least one and at most n distinct solutions in C. 


The first proof of this theorem is given by C.F. Gauss. Since then many 
new proofs have been found. Unfortunately all such proofs are well above 
the level of this course. Also since we shall have few opportunities to apply 
this theorem in the subsequent sections, the reader is therefore asked to 
note that by virtue of this theorem, it is not necessary to further extend 
the system C, Thus the number system C is completely adequate as far as 
the provision of solutions of equations is concerned. 

There is however another point of view regarding the possible extension 
of the number system C. We have accepted the geometric interpretation of 
the real number system R as a one-dimensional number system and the 
complex number system C as a two-dimensional number system. We may 
. therefore ask if it is possible and useful to extend the system C to some 
still higher dimensional number system. In order not to disrupt the 
development of our main theme of study, we shall leave this question for 
the time being and return for it in the Appendix 7.18 to this chapter. 


7.9. EXERCISE 


Z tz 
. If lz, | = ]zzl but z; #22 and z, + 2, #0, prove that o> 


1— 22 


E 


is purely 
imaginary. 
2. Given that |z + a/| = |z + b/| where a and b are distinct real numbers, 


prove that 
z —z =—(a+ by. 


3. Given that 4|z + 1| = |2 + 16|, deduce that |z| = 4. 


4. (a) Using the inequality [z; * z;| < |zi| + |2,| or otherwise, prove that 
|lzi— z| > ||| — 121 for any two complex numbers z, and z;. 
(b) Show that the equation z^ + z + 2 = 0 cannot have a root with 
modulus less than 1. 
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5. Prove that 2|z;|? + 2lz;? = |z; 2,|? + |z; * z;|? for any two complex 
numbers z; and Z3. 


6. (a) Leta, b, c and d be any four complex numbers, prove that 
Ка cb — 91 < | la — а) (6 —c) + | (c —a)(a — b). 
(b) If A, B, C and D аге any four points in а plane, prove that 
АС · BD SAB · CD + AD · BC. 


Solve the following quadratic equations, expressing your answers in the form 
а + bi, where a and b are reai: 
7. x! c 4x + 13 = 0. 
8. 4х2+9 = 0. 
9. x? 2х cos0 + 1 = 0. 
10. 3х2 — (2 + 11/)х +3 – 5/ = 0, 
11. Find a quadratic equation whose roots are 2 + 4/3j and 2 — 3i. 
*12. Find the condition for one root of the equation 


22+ 2(а + bi)z + (c + а!) = 0 
where а, b, с and d аге real numbers, to be real. 


*13. If z, and z; are the roots of the quadratic equation 
аг2 +ра+с= 0 
with а, b, c real and b? < 4ас, show that 


7.10. DE MOIVRE'S THEOREM 


Complex numbers of modulus 1 are represented by points on the unit 
circle of the Gaussian plane. They have the interesting property that their 
powers remain on the unit circle. In polar form 

2 = со$ 0 * i sin Ө 
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when raised to a power by a positive exponent n, it becomes 
2" = (cos 0 + i sin 0) = cos nO + isin nO 
by the product formula of Section 7.4. 


z-cosÜ * i sin 


z? = cos 20 + i sin 20 


z^! = соѕ (-0) + i sin (—0) 
Fig. 7.15 


Thus, if we rotate the point 1 about 0 by 6, we get the point 2, by 20 
the point z?, by 30 the point z? , etc (Fig. 7.15). 


The last equation also holds true for negative integers —n (n > 0), for 
-n 1 " 1 
(соѕ 0 + /ѕіп 0)7 соѕл0 +i sinnô 
. . cos nÜ — i sin nO 

~ cos? пд — i? sin? n6 
cos (—n0) * / sin (—n6). 
Therefore we have proved the following theorem which is named after the 
French mathematican, Abraham De Moivre (1667-1754). 


= cos nð — i sin nO 


Ji 


7.10.1. Theorem (De Moivre). Forany integer n, 
(cos Ө + isin 0)" = соѕп + isin n0. 


Expanding the left-hand side of the equation by the binomial theorem, 
and equating respectively the real parts and the imaginary parts of both 
sides, we obtain the following formulae. 


7.10.2. De Moivre's Formulae. For any positive integer n, 


cos nO = cos" 0 -(") со" 0 sin? 0 + (3) cos" ^^ 0 sin* 8 —... 


| z А п i А 
sin пб = п соз” ! 6 sin - (S) cos" ?0sin? 8 *... 
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These two formulae express cos 20 and sin n0 as polynomials in cos 8 
and sin @ with integer coefficients. We observe here that they are expres- 
sions of relations among real numbers. We may well imagine that they can 
be proved by methods of trigonometry. Such a proof will involve induc- 
tion and the angle sum formula of trigonometric functions. Undoubtedly, 
it wil! be more complicated than the derivation from De Moivre's theorem. 
The derivation can serve as an example in which complex numbers may be 
put to work to give results concerning real numbers. We illustrate the 
derivation of the formulae for n = 5 in the following example. 


7.10.3. Example. Expanding (cos 0 + / sin 0)? by the binomial theorem, 
we get 
cos 50 +; sin 50 = (cos 0 + /ѕіп 0)? 
= cos? 0 5i cos^0 sin 0 + 10/2 cos? 0 ѕіп20 + 
10/2 cos? 0 sin?0 + 5i*cos 0 sin^ 0 + i? sin?0 
= (cos 0 — 10 cos? 0 sin? 4 5 cos 0 sin*0) + 
i (5 cos^8 sin 8 — 10 cos?0 sin? + sin?0). 
Thus comparing real and imaginary parts on both ends, we get 
cos 50 = cos?0 — 10 cos?0 sin? 8 + 5 cos 0 sin*0 
sin 50 = 5 cos^0 sin 0 — 10 cos? 0 sin? 0 + sin? 0. 
We can further derive from these two expressions that 
cos 50 = cos?0 — 10 cos? 0 (1 — cos?0) + 5 cos 0(1 — со520)? 
= 16 cos*0 — 20 cos? + 5 cos 0 
sin 50 = sin*8 — 10 (1 — sin? 0) sin?0 +5 (1 — sin?8)? sin 0 
= 16 sin? 0 — 20 sin? 0 + 5 sin 0. 


The two parallel formulae for cos 50 and sin 50 that we have just 
obtained in the last example can be further exploited to get other classical 
results in trigonometry. 


7.10.4. Example. Evaluate sin 7/5. 


' Solution. Take the last formula 

sin 50 = 16 sin? 0 — 20 sin? 0 + 5 sin б. 
Substituting 0 = 7/5 and denoting sin л/5 by x, we get a quintic equation 
(i.e. an equation of degree 5) 


16x? — 20x? + 5x =0 
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whose roots are sin 0, sin 7/5, sin 27/5, sin —т/Б5 and sin —27/b, since these 
values satisfy the original trigonometric equation. Cancelling the factor x 
in the last equation, we have a quartic equation (i.e. an equation of degree 
4) 

16x* — 20x? +5 =0 


with roots sin(t7/5) and sin(+27/5). Therefore all that remains to be done 
is to find the roots of this quartic equation and identify sin 7/5 among 
them. Regarding it as a quadratic equation in x? , we solve for x? to get 


ма = Wt 2V5 | 
16 
Therefore, the four roots of the quartic equation are: 


B =1/10 + 2/5 5) -1Vh0- 25 
1 
MAST 10 — 2/5 s, = -4/10 + 2/8 


. . -—2m7 п ‚Л . 20 
Since sin Б « sin 5 «0 € sing « sin 5 


54 <s3 <0<5, <s. 


We get the desired value 


Another application of De Moivre's Theorem is to express powers of 
sin 0 and cos 0 in terms of sines and cosines of multiples of 0. Consider the 
complex numbers 


2 =со$0 */sinÜ апа = Cos 6 — i sin 8. 


NI 


By De Moivre's Theorem, 


p 1 f 
2" =cosnð +isinnð апа зп = cos nð — i sin n6. 
Therefore 
соз лё editae e and si eee da 
2 2? ая gee 


Let us now use these two formulae to obtain an expression for sin? 0. 


7.10.5. Example. Express sin’ in terms of sines of multiples of 0. 
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Solution. Letz = соѕ Ө + і sin 0, Then 
(2i sin = (e — Ly 
2 
=z? — 725 +2129 352 4— — 25 + 
z z 
= (7 +) ries ne — ) 356 —-) 
2? 25 Е 2 


= 2i (sin 70 — 7 sin 50 + 21 sin 30 — 35 sin 0). 
Therefore sin’ x (—sin 70 + 7 sin 50 — 21 sin 30 + 35 sin 0). " 


Clearly the method used in the above example is very much superior to 
those of elementary trigonometry. This shows once more the advantage of 
putting complex numbers to work for us. A further example along the 
same lines is to obtain sums of finite series of trigonometric terms. 


7.10.6. Example. Prove that for all values of 0, which are not multiples 


of 27, 
1 
1 + со5 0 + соѕ 20 +... + соѕп0 = (sin ө cos gy 
sin 2 2 
2 
1 
sin Ө + sin 20 +... * sin nü = j sin 6 sin 9), 
sinc 2 2 


N 


Proof. Consider the well-known identity 
(1—2)(1+2+2?2+...+2”)=1—у°*! 
which holds for real numbers z as well as for complex numbers z. Let Ө be 
different from multiples of 27, and z = cos 0 + / sin 0. Then z £ 1 and 
n+ 
1+z+z? toaz OZ, 
1-2 
Substituting 2 = cos 0 +/ sin 0 and simplifying by De Moivre's Theorem, 
we get 
(1 + cos 0 + cos 20 +... + cosnO) + i(sinO + sin 20 +... + sin nO) 
|. 1—co0s (n + 1)0 — i sin (n + 1)0 
" 1— cos0 — i sin 
2 sin? 2210 — i 2 sin 710 cos 2510 
20 0 0 


5-1 2 іп = cos 


2 sin 
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ЕЕ LU) C 
sin б. sin? — j cos і 


2 2 2 


_ е 2518 * i sin 2 
sin $. co; 2 9 


+ і біп 
2 15102 


= 1 ——— Il соѕ = 0 + іп 8 
т A ar ae 


Therefore, 


1 +1 
1 + cos 0 + соѕ 20 +... +соѕлд = —3 sin — 8 cos 2.0 
sin? 2 2 


1 
sin Ө +sin 20 +... +ѕіплб = —z аг 
sin E. 2 2 
2 


7.11. EXERCISE 


1. 1#2 = cos 0 + / ѕіп 0, prove that 


= [ап 0. 


2. Show that, for any positive integer n and real number 0, 
(cos 0 — i sin 0)? = cos n0 — i sin nO. 


3. If n is an integer, show that 
(1 i tan 8)" + (1— / tan 0) = 2 sec "0 cos nð. 


4. Show that, for any positive integer n and real number 0, 


OE LEM T pm 
xL, (7) cos 2" cos 209575. 


5. Show that, for any positive integer n, 


UNS (2) sin (n — r)8 sin” ysin” (0 — y) 


and 
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= sin? 0 sin ng 
I d cos (n — r) їп o sin" (0 — y) 


= sin" 6 cos ng 


for any positive integer n. 
(Hint: consider z = cos 0 +/ sin 0.) 


6. (a) 


*(b) 


(c) 


Prove that cos 50 = 16 cos? 0 — 20 cos? 0 + 5 cos 6 

and cos 40 = 8 cost 0 — 8 cos? 0 + 1. 
Deduce that cos (27/9), cos (47/9) and cos (87/9) are the three roots 
of the equation 8x? — 6x + 1 = 0. 


1 — 21tan?0 + 35tan*0 — 7tan°d 
7tan 0 — 35tan? 0 + 21tan? 0 — їап?0 ` 
Prove that tan? (1/14), tan? (31/14) and tan? (57/14) are the three 
roots of the equation 7x? — 35x? + 21x — 1 = 0. 


н (26+ 1)т 1 
Deduce that Пар a JT 


Show that cot 70 = 


8. Let C, = 1+ Z4, x* coskO and 5, = Хр. у xk sin КӨ 
where x is real and 0 is not a multiple of т. 


(a) 


1 — xcos 0 — x"*! cos (n + 1)0 + x"*?cos nO 
1 — 2xcos 0 + х? 
xsin 8 — x^*! sin (n + 1)0 + х" 25іп n8 
1 — 2xcos 8 +x? 


Show that Cp 


and 5, = 


(b) If |x| <1, find lim C, and lim S,. 


(c) 


noo noo 
Prove that Ek -o cos* @ sin (a + КӨ ) = cosec 0 cos (0 — а). 


9. Let C- £z. (- 1 () cos 2k0 


and S-Zj., (-1)k (e sin 266. 


(—1)"? (2sin0)" cosnÜ if nis even 


эша | (—1) 717? (2 sin 0)” sinn if n is odd 
d s= | (—1)”? (2sin 6)" sin nü if nis even 
A (—1) 1! (2 sin 6)” cosn@ ifn is odd. 


(Hint: consider (1 — z?)" wherez = cos 0 + / sin 0.) 
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*10. Let 2) = соѕ А * /sin A, 
Z, = соѕ В + і ѕіп В 
апа 23 = со$ С */sin C 
such that А, B and C are the angles of a triangle. 
(a) Show that 2,2523 = —1. 
(b) Prove that cos? A + cos? B + cos? C = 1 — 2cos A cos B cos C 
and sin 2A * sin 2B * sin 2C = 4sin A sin B sin C. 


1 1 1 
(Hint: consider the products (z,* — )(z;* —)23* —) 
2\ 22 23 


1 1 1 
апа ас 22 > Nea 7>). 


"ТА. (a) Show that sin 70 = —sin 0 (64 sin°@ — 112 sin*8 +56 sin?0 — 7). 
(b) Deduce that sin? (1/7), sin? (21/7) and sin? (31/7) are the three 
roots of the equation 
64x? — 112x?+ 56x — 720 
and that sec (27/7), sec (47/7) and sec (67/7) are the three roots of 
the equation 
x3+ 4x?— 4x – 8 = 0. 
: 3 ‚2 ,Кт,_7 
(c) Show that (1) p=; sin Cot. 
(ii) Жур, cosec? e -8 
2k 


and (ii) Жш sec S = —4. 


7.12. THE n-th ROOTS 


Given a complex number z and a positive integer n, we say that a 
number x is an n-th root of z if 
x" xg, 
Regarding this as an equation of degree n in the unknown x, we may 
conclude, by the fundamental theorem of algebra 7.10.4, that z has at 
least one and at most n distinct n-th roots, However, it is not necessary to 


use such powerful theorem to come to an even more precise conclusion. 


7.12.1. Theorem. Every complex number z # 0 has exactly n distinct 
n-th roots. 
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Proof. Writing in the polar form 
z=r(cos@ * i sin 0) 
x = t(cos у * i sin y) 
we can express the equation 
x =z 
as 
t" (соз лу +i sin ny) = r(cos 6 + j sin 0). 
Since any two complex numbers are equal if and only if they have the 
same modulus and the same argument (up to a multiple of 27), it follows 
that a necessary and sufficient condition for x to be an n-th root of z is 
that 
А and пу = 0 + 2hr 
for some integer h. Therefore we have just one possibility for the 
modulus of x, which is 
tr 


while we have for the argument у of x among others the n possibilities 
8 Ө+2п oran Ó*2n— Vm 


, , pore 


n n n n 


The difference between any two of these n values is less than 27; therefore 
they are the arguments of n distinct complex numbers. Thus 


22 +9} 
xj = Vr (cos? 2 4 j gin SES), (/=0,1,...,9-1 


are n distinct n-th roots of z =r (cos 0 +/sin 0). 
On the other hand if 


+ 2h ‚0 +2һ 
y = VF (cos? T Lisin T) 
n n 
is any n-th root of z, then 


h =] (mod n) 
for exactly one value of / = 0, 1,2,...,n — 1. Hence arg y = (0 + 2hm)/n 
differs from arg x; = (0 + 2jn)/n by a multiple of 27 and y = Xj. Therefore 
we have exactly n distinct n-th roots Xo, X1, . .. , Хр: Of the non-zero 
complex number z. = 


On the Gaussian plane, the n-th roots Xo, X1, ...Xn—1 of z £ О are all 
points on a circle of radius Vizi centred at 0. Fig. 7.16 illustrates the four 
Ath roots of z for n = 4. 
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In particular the four 4th roots of —1 (Fig. 7.17) are: 
oss + пт - S 2i) 

xi соз 27 +i sin Z - (—/2+А/2) 

X = cos 97 + i sin SE =$ HE - A/2) 

X3 7 cos sisin = 5 W2- А/2). 
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5 (V2 + iv) NA i 2) 


1 А 
5 (V2 - i2 z 2 - ia) 


Fig. 7.17 


The n-th roots of z = 1 are called the n-th roots of unity. By the results 
of Theorem 7.14.1, these are the complex numbers 


2m |. , 2m 4n,.. 4n 
Xo =1, соии Xz = cos — + j sin —,.. 


2(п—1)л .. 2040 – 1)т 
Xg—1 = cos —————— +i sin —————. 
n n 


It is easily recognized that all these are powers of n-th root of unity, 
27... 20 
Ё = хү =cos—+/sin—. 
п п 


On the Gaussian plane, they are the points on the unit circle with argu- 
ments being multiples of 27/n. They are the vertices of a regular polygon 


of n sides (Fig, 7.18). 
С 
ЖА 1 


get 


Fig. 7.18 


226 Fundamental Concepts of Mathematics 


In other words, 


a oe ee 
аге all the n-th roots of unit. We call a complex number x a primitive n-th 
root of unity if each n-th root of unit is a power of x. Thus £ is a primitive 
n-th root of unity. So are (V2 + //2)/2, (—/2 + А/2)/2, (4/2 — /2)/2 
and (y2 — А/2)/2 primitive 8th roots of unity, but the other four 8th 
roots of unity 1, /, —1 and —/ are not primitive. 
For n 7 3, the three cube roots of unity (Fig. 7.19) are 
1 Speen Е 
3 3 

Tice 
w? = cos 7T +i sin HEETE — А/З). 


Both w and ш? are primitive cube roots of unity while 1 is obviously not. 


2 d uus 
О) = cos -> +/sin 


3 


NI 


Fig. 7.19 


Obviously primitive n-th roots of unity are of special interest because 
they can generate all other n-th roots of unity. In general, if 
2T , , 2T 
Ё = соѕ — + / sin — 
n n 


is the n-th root of unity with the least positive argument, then we can 
show with results in Chapter 4 that £" is primitive if and only if n and m 
are relatively prime. 
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7.13. EXERCISE 


= 


10. 


. Find the square roots of /. 


. Express the square roots of 5 + 2/ in the form а + bi where a and b are 


integers. 


. Find the cube roots of —1. 


. Find the cube roots of 1 — cos 0 — isin 0 where 0 <@ < 2m. 


Resolve x$ + 1 into the product of real quadratic factors. 


(a) Solve the equation x? + 1 = 0. 


T Зп 5r 1 
— + —— + — = — 
(b) Show that cos 7 COS 7 cos 77 


n-i 
Let co (# 1) be an n-th root of 1, prove that У о = 0. 
k=0 


If w is a primitive n-th root of 1, prove that 


(a) П (1-@")=n 
k 


net О ifris not a multiple of n 
(b) X ak" ! : К р 
к=о n ifris amultiple of n 


6 
. (a) Provethat 2!#—1=(2—1) П (z? - 22 cos 7 +1). 


k=1 3 
(b) Deduce that 
бп 127 1 


27 107 4n 8T _ 
(со$ 13 * cos 43 )(cos 13 * cos 13 (695 13 * cos 13 ) 8 


(a) Solve the equation (z+1)® — 28 = 0. 
3 
(b) Prove that (2 + 1)? —z? = Б (22 +1) П (422 + 42 + cosec? em. 
к=1 
Hence show that 


16(cos'® @ — sin'® 6) = cos 20 Il (cos? 20 + cot? e H. 
к=1 
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11. 
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Solve the equation z” + {z — а)" = 0 where a is a non-zero real number 
апа л isa positive integer. 


. If wis a primitive 9th root of 1, obtain the value of 


4 
У (2tw* + о). 


а that ; 
Deduce tha e. COS 9 16 


n- 


1 
. (а) Showthat 227 —1=(z—1)(z+1) П (2? -2zco T +1) 


k=1 
where n is any positive integer greater than 1. 


n-i ` 
(b) -Deduce that. — T leos Dcos T j = 


— if si i 
a " 2 gnó if sin@ #0 


. Let n be a positive integer. 


(a) Find the 2n distinct complex roots of the equation 
rz)" 0 ug = 0. 
Express the roots in the form a + bi where a and b are real numbers. 


п-1 + 
(b) Show that (1+2z)?7+(1—z)?"=2 П [z? + тап? I Ls 
k=0 4n 
п-1 
(c) Show that 5 sec? p+r) = 2л?. 
k=0 4n 
. If nis a positive integer, show that 
n-1 
zi? — 22" cosati1= П (z? = орсок DESC oa: 


К=0 
Deduce that 


(i) cosn@ — cos ng = 2^! T [cos Ө — cos (y + 21 y; 


(ii) sin na = 2/751 "n sin (a „Кт ); 
k=0 n 
at (2m + 1n 


(iii) cosna=2""' П sin [at 


] where 0<а<1. 
т=0 2n n 


7.14. GEOMETRY OF COMPLEX NUMBERS 


The central idea of plane analytic geometry is the establishment of a 
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correspondence between pairs of real numbers and points in the plane, 
thereby making possible a correspondence between curves in the plane and 
equations in two rea/ variables. Under this correspondence, for each curve 
in the plane, there is a definite equation f (x, y) = 0, and for each equation, 
there is a definite curve. Moreover, the algebraic properties of the equation 
correspond to the geometric properties of the associated curve, so that the 
often difficult task of proving a theorem in geometry is shifted to that of 
proving a corresponding theorem in algebra. The correspondence between 
complex numbers and points in the plane can be similarly used for the 
development of a geometry of the complex plane. Here a point on the 
plane corresponds to a single complex number; therefore curves in theplane 
correspond to equations of a single complex variable. Besides the reduc- 
tion of one variable on the algebraic side of the interplay of geometry and 
algebra, we shall also have the very rich algebraic properties of the 
complex numbers at our disposal. 

We shall adopt the convention of analytic geometry and use the 
notation Р(х) to express the fact that the point P on the plane and the 
complex number x = a + bi are associated in the sense that the Cartesian 
coordinates of P are (a, b). Sometimes, when no confusion will arise, we 
may just refer to x as a point meaning that it is the point in the plane 
associated to x in the above sense. 

Let us first rewrite some well-known formulae of analytic geometry in 
terms of complex numbers. The so-called distance formula is easily given 
in terms of modulus. Given two points P(x) and Oly) on the plane, the 
distance between P and Q is given by 


Ix —y|=Vla—c)? + (b — а)? 


where x =a + bi and y = c + dí. Using this formula, we find that for two 
points A(s) and A {t}, the perpendicular bisector of the segment AB is given 
by the equation 

z@—s|=|z-t| 
in the complex variable z. 

Obviously, the formula for angle measurement is given in terms of 
argument. Let Р(х) and Oly) be two distinct points on the plane. If A is 
the point that represents the complex number y — x : Aly — x), then the 
rays РО and OF will have the same direction (Fig. 7.20). 


230 Fundamental Concepts of Mathematics 


Fig. 7.20 


Therefore the angle between the positive real axis and the ray РО is 
identical to that between the positive real axis and the ray OA. Since the 
latter is given by arg(y — x), so y = arg(y — x) (Fig. 7.21). 


yp = arg(y — x) 


Р(х) 


Qty) 


Р(х) 


(а) (b) 
Fig. 7.21(a) & (b) 
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Let P(x), О(у) and S(z) be three distinct points. If we measure the angle 
V = LSPQ by the angle of rotation that takes the ray PS to the ray РО, 


then using the positive real axis as a fixed reference and the formula above 
(Fig. 7.22), we get 


V =argly — x) —arglz ~ х) = arg (=). 


S(z) 
aly) 


aly) 


S(z) 


a) Fig. 7.22 


This very neat and tidy formula for angle measurement is clearly a great 
improvement upon the very cumbersome expression in terms of Cartesian 


coordinates. As an application of this formula, we study the following 
example. 


7.14.1. Example. Let А, (ху), Аз (х) and А; (хз) be three distinct 
points on a circle. A necessary and sufficient condition for a point P(z) to 
tie on the circular arc A, А, А» is that 

LA,A;A4 = LA,PA, 
By the above angle formula, this becomes an equation in the unknown z, 

Хз —X2A _ Хз ~ 2 

аго( X1 =) Е ао X1 ez 

(z — x3)(x,; — x2) Э 
(z — x, )(хз– x4) 


ог arg 0 


7.15. CIRCLES 


A circle of radius г centred at 2, is the locus of a point z at a constant 
distance r from zg. Therefore the equation of this circle is 
|z — zol =r. 
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Squaring it, we get 
г = |220 = (z — Zo) Z — Zo) = zz — Zo — ZZo +2020. 
Alternatively, the equation of the circle is 
[2[2 = 2 Reza) +° — Izol. 


7.15.1. Example. Appolonius of Perga (circa 260 — 190 BC) found that 
given two fixed points A, and Az, the locus of a point P whose distances 
from A, and A; аге in a constant ratio 1 : y (i.e. АР = AP) is a circle. 


For 4 = 1/2, Fig. 7.23 may suggest a geometric proof of the Appolonius’ 
Theorem, 


Fig. 7.23 


where PB, and PB, are the internal and external bisectors of /A,PA;. 
Moreover, FA; || РВ; and EA; || PB,. 

Let us prove the theorem using complex numbers, Choose the straight 
line passing through А; and А» as the real axis, and A, as the origin. Thus 
we have А (а) and A, (0), where а is a real number. The condition on 
P(z) is therefore simply the equation 

и |2 —а| = |2| 
in the complex variable 2. Squaring the left hand side, we obtain 
212 — al? =p? (z — a) (Zz — a) = p? (|z|? —2Re(a)sa?) 
Therefore the equation becomes 
|z|? (1 — и?) = 2 Re(-u?az) + (ua)? 
[212 = 2 Ве(202) tr? — |2|? 
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where 
bee cum 226 
1-а 1—4HA 
proving that the point P(z) describes a circle with radius |ua/(1 — u?)| 
centred at —u?a/(1 — и?) on the real axis. 


and r= 


7.16. STRAIGHT LINES 


The simplest expression of a straight line on the plane is a parametric 
representation. Consider first the case where the straight line L passes 
through the origin О and another point Р(хо) (Fig. 7.24). 


Fig. 7.24 


Then every point on L is represented by a multiple Axo of хо Where A isa 
real number. Therefore the equation 

2= лхо, AER 
is a parametric representation of the straight line L, in the sense that every 
point of L corresponds to a real number А and vice versa. 

If 0 = arg xo, then L is also the straight line that passes through О and 
has slope tan 6. Therefore, after absorbing |xo| into the parameter А we 
rewrite 2 = Axo as 

2 = №соѕ 0 +i sin 0) 
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and take it to be the parametric representation of the straight line £ with 
slope tan 0 and passing through О. 

The next case to be considered is where the given straight line G has 
slope tan Ө and passes through a point Q(x, ). б is parallel to L and can be 
obtained by a parallel translation of £ in the direction of OQ (Fig. 7.25). 
Now a parallel translation in the plane corresponds to an addition of 
complex numbers. Therefore, the straight line G has the following 
parametric representation: 

Z-XQ; *tÀxy or 2= х; +A(cos 0 * i sin 0), 
which is the so-called po/nt-s/ope form in the parametric version. 


G 


Fig. 7.25 


Finally consider the straight line У that passes through two distinct 
points Р(хо) and О(х,). This straight line has slope tan y, where y = 
arg(x4 — Хо), and passes through Pí(xo) (Fig. 7.26). Therefore, H has the 
following parametric representation: 

Z = Xo + À(cos Y * / sin p) 
or Z = Хо t À(x, — xg) 
which may be regarded as the parametric version of the so-called two- 
point form. 
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Fig. 7.26 


7.16.1, Example. Let x,, X2, хз be three distinct points in the plane. 
Find the straight line V that passes through x, and is perpendicular to the 
straight line L that passes through x, and x; (Fig. 7.27). 


ХІ 


X3 


X2 


N 
Fig. 7.27 


Solution. The straight line L has slope tan@, where 6 = arg(x4 — x5). 
Therefore, the perpendicular N has slope tan (7/2 + 0), where 

T ; ; Е 

2 +0 = argi + arg(xa — x5) = arg(x3/ — x; i). 


Using the point-slope form, we obtain 
zx; + М(ху —x4). 
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Alternatively, a point 2 lies on N if and only if 


T 
arg(z — x4) = arg(x4 — x4) =: 
: 2S ki oat 
i.e, arg( x. n] i 5 
In other words, the complex number 
Z—X, | (@—x,)(X3 —X2) 


Хз — X2 Ix3 ~ х2] 
is purely imaginary. Therefore N is represented by the equation 
Re(z—x, )(Х3 — X3) =0 
in the complex variable z. In contrast to the first solution, this is not a 
parametric representation. н 


The alternative solution to the problem of the example suggests that 
argument, real and imaginary parts, may be used to write the equation of a 
straight line. 


7.16.2. Example. Show that 
Z—X| 
cos Ө + / sin 6 
is the equation of the straight line G which has slope tan @ and passes 
through the point x, (Fig. 7.28). 


Fig. 7.28 
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Proof. The straight line G consists of two rays QA and OB, where А and 
В are two points of С lying on opposite sides of Q(x; ). One of these rays 
makes an angle 0 with the positive real axis and the other 7 + 0. Therefore 
a point z falls on б if and only if arg(z — x1) is 0 огт + 0. Now 
| 2 —Х\ 
M Cos 0 * i sin Ó 
Z— Хү 
cos Ө + isin 0 
і.е. argiz — x,) is 0 or n + 0. Therefore, the equation of G is simply 


-Q0 if and only if 


arg =arg(z—x,)—6 150огл, 


Z — Xi 
[TEC SSA ea " 
cos Ө + i sin Ө " 


It follows easily that the two-point form of a straight line /7 that passes 
through xg and x, is given by 
Z — х 


Im = 0. 


Ху = Хо 


7.17. EXERCISE 


1. Interpret the following locus in an Argand diagram: 
[2 + 3i? — |z — 3i? = 12. 


2. If a and b are complex constants, interpret geometrically in an Argand 
diagram the following locus: 


2 ~а 
arg ( ——4. ) = constant. 
9(7—;5! 


3. If izi] = |z2| = |23| and zi + 25 +z, = 0, prove that 21, 2; and 23 are 
represented by the vertices of an equilateral triangle. 


4. If a point P(z) in an Argand diagram lies in the region above the real axis, 
prove that the number 
z-i 
zi 
is represented by a point inside the circle |2| = 1. 
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10. 


11. 


12. 


13. 


If z is a variable complex number such that |z| = 1 and w = 22 + 1/2, 
show that the point of the complex plane corresponding to w describes 
an ellipse. 


. M |z| € 1, prove that the principal value of arg (2 + 1) lies between —7/2 


and 7/2. 


. When the vertices of a square ABCD are taken anti-clockwise in that 


order, the points А and B represent the complex numbers —1 + 4/ and 
—3 respectively in ап Argand diagram. Find the complex numbers 
represented by the other vertices and by the centre of the square. 


. If z is a complex number such that |z + 1 t /| < 1, find the maximum and 


minimum values of |z|. 


. Let a and b be real constants, and x, y, t be real variables. If 


b +) 
1 —it 
show that the locus of the point (x, y) as t varies is a circle. 


x*yi-at 


Given that З + / and 4 + 2/ are represented by the adjacent vertices of a 
square, find the possible numbers represented by the remaining vertices. 


Prove that 

(i) if |zj * z3| = |z1 — 25|, then the difference in the arguments of z, 
and z, is 7/2; 

T Zitz T 

(ii) if arg Cas ) ^73 then |2; | = |z2|. 


РОВ is а parallelogram and X is the point of intersection of the 
diagonals. If P, В and S represent the numbers 1 + 3/, 2 + 6/ and 5 + 7i 
respectively, find the numbers represented by Q and X. 


Triangles BCX, CAY and ABZ are described on the sides of a triangle 
ABC. If the points A, B, C, X, Y, Z inan Argand diagram represent the 
complex numbers a, b, c, x, y, Z respectively and 
X—c y—-a z—b 
b-c с-а a-b 
show that the triangles BCX, CAY and ABZ are similar. 


Й 


15. 


18. 


17. 


19. 


20. 
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. In an Argand diagram, points A and B represent the numbers 6/ and 3 


respectively. If a point P, which represents some complex number z, 
moves so that PA = 2PB, show that 

zz = (4 + 2/)2 + (4 — 2/)2. 
Show that the locus of P is a circle and find its radius and the complex 
number corresponding to its centre. 


If, in an Argand diagram, points representing the numbers 2, 2: 
Zn all lie on one side of some straight line through О, prove that 
Ek-ı Zk #0. 


Т 


Complex numbers 2; and 2; are represented by points P, and P} respec- 

tively in an Argand diagram. 

(a) If z; (1 — 25) = Z} and P, describes the line 2Ae(z,) + 1 = 0, prove 
that Р, describes a circle. 

(b) Find the sense in which the circle is described as P, moves along the 
line in the direction of increasing Im(z, ). 


A complex number Z is represented by a point P in an Argand diagram. If 
(z — 1)/(z — /) is purely imaginary, prove that P moves on the circle with 
centre corresponding to 1/2 + //2 and radius 1A/2. 


. Points P апа О represent the numbers 2; and z; іп an Argand diagram, 


and О is the origin. If OP = OQ, prove that 
21— 2: 
2422 

is of the form bj where b is real. 


If points A, B, C representing the complex numbers Zi, 22, 23 in an 
Argand diagram are the vertices of an isosceles triangle, right-angled at 8, 
prove that 


(21-22)? + (23-22)? = 0. 


Two complex numbers z and w are connected by the relation 

w= (2 — 1)(z +1). 
The point representing Z in an Argand diagram describes the circle |z| = 1 
in a counter-clockwise direction starting from z = 1. Find the path traced 
out by the point representing w. 
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21. By considering the modulus of the left-hand side of the following 
equation in z, or otherwise, prove that all the roots of 
2"соѕ na +z" cos (n — a+... * zcosa = 1, 
where & is real, correspond to points outside the circle |z| = 1/2 in an 
Argand diagram. 


22. Given w = 22, where w = и + vi and =x + yi (и, v, x, y are real numbers), 

(a) Prove that u = x? — y? 

and v = 2xy. 

(b) Prove that, when the point representing z describes the circle |z| = 1 
in an Argand diagram, the point representing w describes the circle 
|w] = 1 twice. 

23. Prove that the points representing the complex numbers 1, —1, a + bi, 

(a + biy? (a, b are real numbers and not both equal to 0) in an Argand 

diagram are concyclic. 


7.18. APPENDIX 


We have seen that when we have extended the real number system R to 
the complex number system С, as far as the provision of solutions of 
equations is concerned, there is no need to extend C any further. However 
we may still investigate the possibility and usefulness of extensions of С 
from another point of view. Since R is accepted as a 1-dimensional system 
and C a 2-dimensional system, we may now ask whether it is profitable to 
look for still higher dimensional number systems. The Irish mathematican, 
William Rowan Hamilton (1805 — 1865), and his German contemporary, 
Hermann Günther Grassmann (1809 — 1877), independently considered 
such problems and obtained results which are of a far-reaching character. 

Hamilton found that, though theoretically possible, the 3-dimensional 
numbers, by necessity did not possess enough desirable properties to merit 
further attention. Going one dimension higher up, he then studied the 
4-dimensional number system Н of quaternions, which turned out to have 
many properties similar to those of R and C. 

The 4-dimensional numbers, which are called quaternions, are ordered 
quadruples (a, b, c, d) of real numbers. Sums and products of quaternions 
are defined as follows: 

(а, b,c, а) + (е, #9, ћҺ) = (а+е, Ь +5 с+д, а+Һ) 
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(a, b, c, dìle, f, 9, h) 
= (ae — bf — cg — dh, af + be + ch — dg, ag — bh + ce + df, 
ah * bg — cf * de). 

Similar to what was done in Section 7.5, after replacing each quaternion 
of the form (a, 0, 0, 0) by the real number a and each quaternion of the 
form (a, b, 0, О) by the complex number a + b/, we may think of both R 
and C as subsystems of the number system H. The next task to perform is 
the verification of the usual rules of arithmetic. It turns out that with the 
single exception of the commutative law of multiplication, all the usual 
rules hold true for quaternions in exactly the same manner as they hold 
true for complex numbers. That the multiplication of quaternions is non- 
commutative can be seen from the following examples. Following the 
definition of product, we have 

(0, 1, 0, 0) (0, 0, 1,0) = 
(0,0, 1, 0)(0, 1, 0, 0) = 


(0, 0,0, 1) 
(0, 0, 0, —1). 
Therefore 

(0, 1, 0, 0)(0, 0, 1, 0) # (0, 0, 1, 0)(0, 1,0,0). 

Similiar to the standard notation of complex numbers by which each 
complex number is written in terms of the real unit 1 and the imaginary 
unit /, quaternions may be expressed in terms of the four quaternion units 

1=(1,0,0,0); /=(0,1,0,0) 

/=(0,0,1,0); к= (0,0,0, 1) 
Thus 

(a,b,c, d)-a*bi*cj*dk. 
By definition, the various products of the quaternion units are 

Р aj? =k =— 
W=—fi=k, jk = Кр =, ki=—ik =j 

which may be tabulated as follows. 


Historically, the system H of quaternions is the first non-commutative 
number system ever discovered. 
Independently of Hamilton, Grassmann condidered ordered n-tuples 
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(81, 82,..., ap) of rea! numbers, These are called hypercomplex numbers. 
Again similar to the standard notation of complex numbers, these may be 
written in terms of n fundamental units еу, ез,... , €n. Thus 
(31,82,...,8p) =ае +8263 +... t age, =È а;е;. 

For these n-dimensional numbers, the sum is defined by 

У а;е; + У bie; = У (а; + Бле; Я 
It follows easily from the definition that the addition of hypercomplex 
numbers satisfy all the usual rules similar to those for the complex 
numbers, The product of two hypercomplex numbers is given by 

(E aj ej) Р һе) E Ха; bjejej 

i Lj 


where the products е;е of the fundamental units are to be found in a 
multiplication table similar in form to that of the quaternions above. 
Different multiplication tables (even with the same dimension n) will give 
rise to different types of hypercomplex numbers and different types of 
hypercomplex numbers may satisfy different rules of arithmetic. Each 
type of hypercomplex number is called a Grassmann algebra. |t is, 
therefore, entirely feasible that some Grassmann algebras may not obey 
some of the usual rules of multiplication. This means that they may be 
non-commutative or non-associative or both. 

Finally we remark that the complex number system C, the system H of 
quaternions, and every possible Grassmann algebra are much more than 
just games of symbols, created by the whimsicality of mathematicians. 
They are constructed to solve mathematical problems which are relevant 
to our physical world. Complex numbers are found to be indispensable 
tools of classical physics and engineering. Quaternions and hypercomplex 
numbers are just as useful in modern physics and electronic engineering. 


ANSWERS TO EXERCISES 


1.5 


1.9 


—- 


24. 
25. 


OoopuogmsoMc 


All 


. (a), (c) and (d) 
.FCA,BCD,ECC 


(a), (d) 


. A76, В = (6] andC- (9, {¢}} 
- 6, (6), (Ф, (63). (Ф, (6), (6, {Ф}}} 


fa, b, c), (a,b), {a,c}, ib, c), {a}, {b}, {с}, Ф 


None 


. A, {0}, ((1,2)), 6 


All 


. (а) fa Б, с, а,е}, {а, с, d, e), (a, b,c, de} 


(b) (e d), (e), {a} 


. (a) CE 


(b) D, E 
(c) A, B, D 
(d) None 
(b), (c), (d) 
(a), (b), (c) 


. Not always true; considera = c£ b 
. А = (0,1, 8 = (1) andC- {0} 
. А! are false 

. (b) ((1,2), {2,3,4}, {4}} 


. (a) neither 


(b) subset 

(c) element 

(d) subset and element 
(e) element 

(b) (АТА) | (818) 

(a) A, ПА, П... ПА; 


(b) Ti =A, T;=A;\(A, VA, U... U Am) 72,3,... 


. (0,2), (2, а), (3, а), (1, Б), (2, b), (3, 5), 


((a, 1), (a, 2), (а, 3), (b, 1), (b, 2), (b, 3) 


. (а, a) 
. A=C= {1}, B=D= {2} 


in) 
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1.14 1. (a) Yes 
(b) No 

(c) No 

2. (a) Yes 

(b) Yes 

10. No; no 

20. (b) No 


2.4 1. (a) Yes; —1 
(b) Yes;2 
(c) No 


nin + 1) 

2 

a 1 a 
(1—a?'1—a' ^ (1а)? 


2.9 6. (a) 


(b) 


3.2 1. 90 

2. 24 

3. 2 

4. 5880; 3000 

5. (2n —1) X 2n—3X...X1 
3.5 1. 360 

2. 2880 

3. 3456 

4. 1440 

5. (n — 1)! (n — 2) 

6. (n — 2)! (n? — 3n +3) 
7. (n — 2)! (n — 3)(n + 2) 


3.7 1. 125 
2. 1024 
3. (a) 648 
(b) 320 
4, 256; 232 
n(n^—1) 
n-—1 


3.10 


3.12 


-— 


+ 


омо а 


Answers to Exercises 


. 6198 


n 


. (a) 2^ -P ifnis even; 


п+1 


2°—2 ? itnis odd 


п 
(Ь) 3X 2? if nis even; 


п+1 


X 2? ifnisodd 


. 126 
. (a) 700 


(b) 340 
(c) 174 
(m + 1)! 


` nl(m*1—n) 
. (a) 144 


(b) 12 
144 
360 

30 
3600 


. 35 
.() 84 


(ii) 84 


. (i) 330 


(ii) 462 


. (i) 2002 


(ii) 6 
(iii) 1876 


. 2024 


_(тп )! 


‘(ml)’ п! 
‚ (а) 225 


(b) 465 
(c) 240 


245 
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8. 26; 52 
9. (a) 10 
(b) 10 
(c) 45 
(d) 6 
10. 5760 
11. 2520 
12. 2366 


13 (m + 2)(m + 1}(л + 2)n + 1) 


4 
14, 502 


n! 

"nstiín—-r-s) 
n! 
"alb!c! 
nin — 4)(n — 5) 
6 
(n — 3)(n? — 9n + 26) 
6 


21. 36 


314 127—1 
2. 300 
3. 875 
4. 15 
8 


. 2001 


n(n + 1) 


3.16 6. (a) 2 


13. (a) xo ах 464 Sa 
x x 


(b) 32x5 — 400x* + 2000x? — 10000x? + 6250x — 3125 


14. —10 
14 

+ 
15. + 3 


16. л = 16,а = 8 
17. 1+ 8х + 36x? + 104x? +... 
18. —2; —345 


1 


4.2 


4.5 


4.7 


4.10 


4.14 


4.17 


оом > 
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. 576 
.а= 12,0 = 11 
.т= 3, п = 2 


(b) {i} (xy)? — xy — 420 = 0 
(iii) x=5, y =—4 


‚х=З,а=2,п=6 


y! —7y? + 14у? —7у 
a=7,b=14,c=7 


. (а) 3—3x + 9х2 — 15? +... 


1 1 
(b) -52<х< 5 


-3, —4, -5 
0, —1, —2, -3, -4, —5 


The converse is not necessarily true; considera; =a, =b=3 
24 

60 

(i) q=0,r=1 

(ii) q=—1,r=1 

(iii) q= —2,r=4 

(iv) q=1,r=3 


(b) R.H.S. is 2 х gcd(m, n) if and only if m and n are odd integers 
(b) 96, 120 


(b) True; false 
17 


. 22338 


m-4,n--3 


No 
(a) No 


г 
П (а;+ 1) 
{= 1 


i= 


8 


‚37 
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5.2 


> 


5.4 3. 


5.6 28. 


5.9 5. 


11. 
12. 


5.13 1. 
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. None; the series is divergent 


(a) Yes; not necessarily 
(b) No 
(c) Yes 
(d) Yes 


(i) Incorrect 
(ii) Correct 
(iii) Incorrect 
(iv) Incorrect 


. 1.414214; 2.236068; 1.571429 


fix) 


fix) = [x] 


I= x 
li 
m 
< 
I 
| 
м 


= 5 


6.2 1. 


6.5 1. 


7.6 


= = 
=> 


-— æ æ 
> о м 


— і 
on" 


- 
eo 


0 
1 
4 
1 
2 


о © омо воз 
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0 
0 


3 
(c) 2 


- 


[L- 1 
3 (2n * 
1 1 


l (n + 2)(n + 3) 


6 


. (a) sin 38 = 3 sin Ө — 4 sin? 
— sin 0]; 


(b) 1 [3" sin y 


4 


. 34 * 22i 


277i 
2i 
2-11 
—2 — 16/ 
—10 


1)(2n + 


1 


3) 
2 
1+ з! 


0 
lg 
4 


ls 


12 


(0 


1 
~ (n+ 1n *2) +3) 


— sin 0) 


249 


1; 36 


7 
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(ii) —tan 5 г 


7.9 7. — 


9. cosQ t i sin 6 


1 1 

1-44 —— — >Í 

10 4i or 3 3! 
11. x? – 4х +7 = 0 


12. + Ab? c = 4abd 


№ 


з 
4. /2sin 5 [cos MM i sin E m 


(k = 0, 1, 2) 
5. (x? — 3x + 1)(х? + 4/3 x + 1)(x? + 1) 
+1 


.. 2k 
atisin 


6. (a) cos 201 т (к= 0, 1, 2,..., 6) 


1 kn 
2 (1+; a = 
10. (a) 2 (1 +/ cot 8 ) (k= 1, 2, 3) 


a ; 2k +1 Е 
11. 5 (1 +f cot 2n п) (k-0,1,2,...,n—1) 
12. 19 
2k +1 


14. (a) titan "T (k7*0,1,2,...,n— 1) 


7.17 


Answers to Exercises 251 


. The line ImZ = 1 
. The major arc AB or the minor arc AB of a circle through A and 


B 


. C: 1 — 2i, D: 3 + 2i and centre: / 


. 2/5; 4 — 2i 
. (b) Clockwise 
. W moves along the imaginary axis from the origin to 99 and 


returns to the origin from —oo. 
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Archimedean postulate 130 
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base of natural logarithm 
basis of induction 46 
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bijective mapping 32 
binomial coefficient 84 
binomial theorem 85 
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Cartesian product 26 
Cauchy condensation 
theorem 189 
Cauchy sequence 190 
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circular permutation 75 
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common divisor 96 
complex conjugate 209 
complex number 200 
complex number system 205 
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134 
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complex plane 200 
composite 111 
composite number 111 
conjugate 209 

constant sequence 160 
convergent sequence 164 


correspondence 29 


De Moivre's formulae 216 
De Moivre's theorem 216 
decreasing sequence 174 
deductive proof 38 
denseness theorem 
direct image 32 
disjoint sets 17 
divergent sequence 
divisor 95 

domain 32 


141 


166 


empty set 10 
Euclidean algorithm 98 
exponent 149 


factor 95 
Fibonacci numbers 56 
finite interval 143 
fractions 125 
function 32 
fundamental sequence 
fundamental theorem of 
algebra 214 
fundamental theorem of 
arithmetic 113 


190 


Gaussian plane 200 
general harmonic series 
geometric mean 49 
geometric series 184 
Grassmann algebra 242 
greatest common divisor 96 


185 


greatest lower bound 145 
harmonic mean 137 
harmonic series 185 
hypercomplex numbers 241 
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identity mapping 35 
image 32 

imaginary axis 206 
imaginary number 206 
imaginary part 206 
imaginary unit 206 
increasing sequence 174 
index 149 

induction assumption 47 
induction step 46 
infimum 146 

infinite sequence 157 
infinite series 183 
injective mapping 32 
integers 125 
intersection of sets 15 
irrational numbers 127 


least common multiple 104 
least upper bound 145 
linear congruence 121 
lower bound 144 

lowest terms 125 
Lucassequence 59 


mapping 32 
Mersenne primes 117 
Minkowski's inequality 139 


modulus 202 
monotone sequence 174 
multiple 95 


natural numbers 125 
neighbourhood 157 
null sequence 158 

null set 10 

number line 125 

n-th root 222 

n-th roots of unity 225 


one-dimensional number 
system 195 


one-to-one (one-one) 
correspondence 30 
open interval 143 
ordered n-tuples 27 
ordered pair 26 
ordered triple 27 


partial sum 183 

Pascal's rule 86 

Pascal's triangle 86 
permutations 64 
postulate of continuity 145 
power 148 

prime 111 

prime number 111 


primitive n-th root of unity 226 


principal value 202 

principle of mathematical 
induction 45,48 

projection 33 

proof by induction 39 

proper subset 5 

purely imaginary number 206 


quaternion units 241 
quaternions 240 
quotient 97 


range 32 

rational numbers 125 
real axis 200,206 
real line 200 

real part 206 
recursive formula 54 
remainder 97 

root test 189 

rule of extension 3 
rule of product 62 
rule of specification 9 
rule of sum 66 


sandwich theorem 171 
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sequence 157 Tchebychef's inequality 139 
series 183 total image 32 

set 2 triangle inequality 94,136 
set of natural numbers 39 

set, complement of 12 union of sets 19 

set, element (member) of 2 unordered pair 4 

Sieve of Eratosthenes 115 upper bound 144 

singleton 4 

subset 5 Venn diagram 5 

summation index 55 voidset 10 


supremum 146 
surjective mapping 32 well-ordering principle 40 


